SPECIAL SUBSET 
LINGUISTIC 

~ TOPOLOGICAL 
SPACES 


W.B.VASANTHA KANDASAMY 
K. ILANTHENRAL 
FLORENTIN SMARANDACHE 


Special Subset Linguistic 
Topological Spaces 


W. B. Vasantha Kandasamy 
llanthenral K 
Florentin Smarandache 


Editorial Global Knowledge 
2023 


Copyright 2023 by Editorial Global Knowledge and the Authors 


This book can be ordered from: 


Editorial Global Knowledge 
848 BRICKELL AVE STE 950 MIAMI, FLORIDA, US 33131. 
info@egk.ccgecon.us 


This work is licensed under a Creative Commons Attribution- 
NonCommercial-NoDerivatives 4.0 International License. 


Peer reviewers: 


Mohamed Elhoseny, American University in the Emirates, Dubai, UAE, 
Dr. Huda E . Khalid, Department of Mathematics, Telafer University, Iraq. 
A. A. Salama, Dean of the Higher Institute of Business and Computer 
Sciences, Arish, Egypt, Email: ahmed_salama_2000@sci.psu.edu.eg. 


Many books can be downloaded from the following 
Digital Library of Science: 
http://www. gallup.unm.edu/eBooks-otherformats.htm 


ISBN-13: 978-1-59973-757-7 
EAN: 9781599737577 


Printed in the United States of America 


CONTENTS 


Preface 


Chapter One 
BASIC CONCEPTS 


Chapter Two 


LINGUISTIC TOPOLOGICAL SPACES 
AND THEIR PROPERTIES 


Chapter Three 


SPECIAL SUBSET LING TOPOLOGICAL 
SPACES USING LING SQUARE MATRICES 


104 


216 


FURTHER READING 248 


INDEX 255 


ABOUT THE AUTHORS 257 


PREFACE 


In this book, authors, for the first time, introduce the new 
notion of special subset linguistic topological spaces using 


linguistic square matrices. 


This book is organized into three chapters. Chapter One 
supplies the reader with the concept of ling set, ling variable, 
ling continuum, etc. Specific basic linguistic algebraic 
structures, like linguistic semigroup linguistic monoid, are 
introduced. Also, algebraic structures to linguistic square 
matrices are defined and described with examples. For the first 
time, non-commutative linguistic topological spaces are 


introduced. 


The notion of linguistic special subset doubly non- 
commutative topological spaces of linguistic topological spaces 


in this book. 


This book gives examples and problems for the reader to 


familiarize themselves with these concepts. 


We acknowledge Dr K. Kandasamy with gratitude for his 


continuous support. 


W.B. VASANTHA KANDASAMY 
K. ILANTHENRAL 
FLORENTIN SMARANDACHE 


Chapter One 


BASIC CONCEPTS ON LINGUISTIC SETS AND 
SUBSETS OF LINGUISTIC SETS 


In this chapter, we define the concept of linguistic (ling) 


sets and describe a few of its properties. 


We mainly want to make this book a self-contained one. 
Further, we only give the definition of a ling sets associated 
with the ling variable in a very different way. We, as defined by 
Zadeh [41-3] or Zimmerman, [44-6] do not consider a ling 
variable as 5-tuple with a fuzzy membership value which plays 
a major role in the ling variables and the related sets. 


We will first give some examples of ling variables and 


their related ling sets. 


Example 1,1. Consider the ling variable age of people. Let S be 
the ling set associated with this ling variable. S = [youngest, 
oldest] where youngest is the age at the birth of the child and 


oldest is the time of death of that person in case of one person is 
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associated and is 100 is it is the ling set associated with people 
in general. 
The following observations are important. 


1. S = [youngest, oldest] is in the increasing order, that is 
youngest < ... < middle age < ... < old < ... < very old 


<... < oldest 


That is we see the age steadily increases with time. 


As time goes the age increases it cannot be constant at 


some time; so it is a steadily increasing one with time. 


Ling. Graph 


(oldest, oldest) 


oldest 


oldest 
(youngest, youngest) 


If we take the vertical and horizontal axis as youngest to 


oldest we get a steadily increasing curve. 
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It is important to note the ling set S and this case is a ling 


continuum and in fact a totally ordered set. 


Recall we say a set S to be totally ordered if we have the 


following conditions to be true. 


Definition 1.1 [12] A non-empty set S is said to be totally 
ordered set under the order < (=) if for every pair of elements x, 
y € Swe have either x <y (y =x) (ory Sx i.e. x =y). We will be 


using for we say it is in increasing order. 


Thus we say (S,S) is a totally ordered set under the 


ordering S. 
For more refer [12]. 


We will illustrate first the totally ordered set by some 


examples. 


Example 1.2. Let Z* be the set of positive integers. {Z*, <} is a 


totally ordered set as 


1<2<3<...<n<nt+1<...<0. 


We use < but to be in proper notation we should write it 


as 


1<2<3<...<n<ntl<...<0. 


However, by default of notation we accept < for if 2 € Z* 
we say 2 < 2 (as we cannot say 2 < 2). Another abbreviation we 


use in this book is linguistic set is replaced by ling set. 


Further the order of Z* is infinite. 
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Now we give yet another example of a totally ordered set 


of finite order. 


Example 1.3. Let S = {1, V2, 5.3, -7, -9, -18, 9.9, 0.9, 7.9, 
12.8, -19.9, 99, -999} be a finite order set o(S) = order of 


S =|S| = 13. We see there is a total order defined on S. 


For -999 <-19.9 <-18 <-9<-7<0.9<1< 42<53 
$7959.95 12.8<< 99. 


We now give an example of a non empty set which is not 
totally ordered. 


Example 1.4. Let S = {a, b, c, d} be a non empty set of 4 
concepts. P(S) be the power set of S. 


P(S) = {o, {a}, {b}, tc}, td}, ta, b}, {a,c}, ta, dj, {b, 
c}, {b, d}, {c, d}, {a, b, c}, {a, b, d}, {a, c, d}, {c, b, d} and 
S = {a, b, c, d}} be the power set of S. 


We see P(S) is not a totally ordered set for consider {a} 
and {c, b, d} © P(S) we cannot order them by containment 
relation similarly {a} and {b, c} € P(S), are not ordered by 


containment relation <. Thus P(S) is not a totally ordered set. 


Now we recall the definition of partially ordered set; for 


more refer [12]. 


Definition 1.2. Let S be a non empty set. S is said to be a 
partially ordered set if there exist a distinct pair of elements in S 
which are comparable under an ordering S or € containment 


relation. 
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For more refer[12]. 
We will illustrate this situation by some example. 


Example 1.5. Let S = {a, b, c} be a set. P(S) be the power set of 
S. P(S) = {, {a}, tb}, {ef ta, by, {a,c}, {b, cf, {a, b, cf}. 


Clearly, we have proved P(S) is not a totally ordered set, 
however {a}, {a, c} © P(S) is such that {a} c {a, c}. Thus 
{P(S), <} is only a partially ordered set under the containment 
relation. We see P(S) is a finite partially ordered set which is not 
totally ordered set. New we give yet another example of a 
partially ordered set. 


Example 1.6. Let S be an infinite ordered set say S = N natural 
integers; P(S) be power set of S. P(S) is an infinite ordered 
partially ordered set under the set containment relation. Clearly 
{P(S), c} is not a totally ordered set as if {3, 4} and {7, 8,9} © 
P(S) we cannot order them under containment relation. Consider 
{5, 6, 9} and {19, 5, 6, 9, 18, 27} © P(S). 


We see {5, 6, 9} & {5, 6, 9, 18, 19, 27}; so P(S) is only a 
partially ordered set and not a totally ordered set of infinite 


cardinality. 


There can be sets which are neither partially ordered nor 
is totally ordered. 


We will prove this by some examples. 


Example 1.7. Consider the set of all 4 elements taken from the 


six elements {a, b, c, d, e, f} =S. 
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Let M = {{a, b, c, d}, {a, b, c, e}, {a, b, c, ft, {a, b, d, e}, 
{a, c, e, d}, {a, b, d, f}, {a, b, f, e}, {a, c, e, f}, {a, c, d, f}, {b, c, 
d, ce}, {b, c, d, f}, {b, c, f, e}, {b, d, e, f}, {a, d, e, f}, {c, e, d, 
ft} < P(S), the power set of S. 


Clearly none of the elements in M are comparable. Thus 


M is neither a totally ordered set nor a partially ordered set. 


Now having seen examples of partially order sets, totally 
ordered set and unordered set we proceed onto describe ling sets 
which are partially ordered, totally ordered and unordered by 


examples. 


Example 1,8. Consider the ling variable V colour of the eyes of 
people internationally. Let S be the linguistic set associated with 
V. 


Clearly S = {yellow, green, blue, brown, black, dark 
brown, light brown}. 


We see no two colours in the set are comparable so S is 
an unordered ling set can be partially ordered if we used 
qualifying norm of light or dark shades of a same colour. 


We give an example of a totally ordered ling set [24-29]. 


Example 1.9. Let us consider the ling variable V weight of 
people. 


Let S be the ling set associated with this ling variable V. 


S = [lowest, highest], the lowest weight corresponds to 
weight in general of a born baby which is the least ling element 
of S and highest weight corresponds to the maximum weight of 
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a person that can be reached in general (of course we do not 
include the extreme case of either highest weight or lowest 


weight. 


Now we see S = [lowest, highest] is a totally ordered set 


and is infact a ling continuum. 
Thus the interval is an increasing continuum. 


We have lowest; < ... < low < just low < ... < medium 


weight < ... < very high < ... < highest. 


Hence, S is a totally ordered increasing set. It is not like 
the age which is also a totally ordered increasing continuum 
because we see the age is the person increase with time however 
one cannot say weight of a person is not increase with time for a 
person in his childhood may have low weight then in the middle 
age they attain the maximum and highest around the age of 
40 - 55 years and then they gradually may decrease in weight 
and may be the lowest at the very old age and so on. 


This is the difference between the two ling variables age 
of people and weight of people. 


Both the linguistic sets associated with these two ling 
variables age and weight are totally ordered ling sets. 


Infact both these ling sets are of infinite ordered. 


Now we provide yet another example of a ling variable 
whose associated ling set is a finite totally ordered set. 


Example 1.10. Let us consider the ling variable performance of 
students in a classroom. The number of students whom the 
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teacher has to assess is only 20. The ling set associated with this 
ling variable of 20 students falls in the following ling set 
S = {good, bad, very bad, very good, just good, fair, just fair, 
very very bad}. 


We see the ling set S is a totally ordered set which is 
expressed in the following 


very very bad < very bad < bad < just fair < fair < just good < 


good < very good. 
Clearly (S, <) is a totally ordered set of finite order. 


Having seen examples of both finite and infinite totally 
ordered ling set, we proceed onto describe partially ordered ling 
sets. 


We have already provided example of unordered ling 
sets, for more refer [24-29]. 


Now we proceed onto give examples of ling sets which 
are partially ordered ling sets. 


Example 1.11. Consider the ling variable customers rating of a 
product from an industry. Let B be the ling set associated with 
this ling variable. 


B = {good, bad, very worst, just medium, medium, just 
good}. Clearly B is a totally ordered set. 


Consider P(B) the ling power set of the ling set B. 
P(B) = {o, {just good}, {medium}, {just medium}, {good}, 
{bad}, {worst}, {just good, good}, {just good, medium}, {just 
good, just medium}, {just good, bad}, {just good, worst}, 
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{good, bad}, {good, medium}, {good, just medium}, {good, 
worst}, {medium, just medium}, {medium, bad}, {medium, 
worst}, {just, medium, bad}, {just medium, worst}, {just good, 
medium, just medium}, {just good, medium, bad}, ..., {good, 
bad, worst}, {just good, medium, just medium, good}, ..., 
{worst, bad, good, just medium}, {just good, medium, bad, just 
medium, good}, ..., {just medium, medium, good, bad, 
worst}, B}. 


Clearly P(B) is not a totally ordered set for consider the 
subsets {good, bad}, {worst} e¢ P(B). They cannot be 
compared, hence P(B) is not a totally ordered set. Now 
consider the subsets {bad, good}, {bad, good, medium, just 
good} € P(B). 


We see under the containment of subsets relation c; 
{bad, good} < {bad, good} c {bad, good, medium, just good} 
so P(B) is a partially ordered ling set. 


Infact {P(B), Cc} is a finite order partially ordered ling set. 


We will now provide an example of a partially ordered 


linguistic set of infinite cardinality. 


Example 1.12. Consider the ling variable age of people. The 
ling set related with this ling variable age is a ling continuum 
S = [youngest, oldest] which is of infinite cardinality. 


Clearly P(S) the ling power set of P(S) is of infinite 
cardinality as S c P(S). 


Now to show P(S) is a partially ordered ling set and not a 


totally ordered ling set it is enough if we can prove P(S) has a 
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distinct pair of subsets which are not comparable or which do 
not satisfy the containment relation of subsets which will prove 


{P(S), c} is not a totally ordered ling set. 


To show {P(S), c} is a partially ordered ling set it is 
enough if we show the existence of a distinct pair of ling subsets 
of P(S) which are comparable or subsets which satisfy the 


containment relation. 


Consider the distinct ling subsets {old, young, just old} 
and {old, young, just old, very old, very young, middle aged} € 
P(S). 


We see {old, young, just old} c {old, young, just old, 
very old, very young, middle aged}. 


Hence {P(S), c} is a partially ordered ling set as there 
exists a pair of distinct ling subsets of P(S) which satisfy 


containment relation. 


Thus {P(S), c} is a partially ordered ling set which is not 


a totally ordered ling set and is of infinite cardinality. 


Now we define operations on ling sets. For our aim of 


this book is defining ling topological spaces. 


So we need to have operations both on ling sets and ling 
subsets of a ling set S. 


We will provide examples of them. 


Example 1.13. Consider the ling variable performance aspects 
of 25 workers employed in a factory. Let S be the ling set 
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associated with this variable. The expert find that the 20 of these 
workers fall under 6 ling terms / words given by 

S = {good, bad, very good, fair, just bad, very bad}. 
Now suppose we wish to define a max operation on S. 


We want to prove {S, max} is a ling semigroup under 


max operation, infact a commutative one. 


The table of {S, max} is as follows. 


very very 


max good bad fair bad weed just bad 
very 
good | good | good | good | good Booed good 
bad | good | bad | fair | bad | ‘°™ |just bad 
good 
fair good fair fair fair ees fair 
good 
very : very very |. 
hed good bad fair bad écoi just bad 


very very very very very very very 
good | good | good god good | good | good 


just bad] good |justbad) fair just bad ee just bad 


Table 1.1 


The total order enjoyed by this ling set S is as follows. 


very bad < bad < just bad < fair < good < very good. 
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Clearly {S, max} is a ling commutative semigroup of 


order 6. Infact the ling term very bad under max is such that 


max {very bad, s} =s foralls € S. 


Thus we can say the ling term very bad acts as the ling 


identity for the ling set S under max operation. 


Infact {S, max} is a ling commutative monoid of finite 


order. 


Now we define the min operation on the ling set S by the 


following table. 
: : very very |. 
min good bad fair Gad good just bad 
good | good bad fair a good | just bad 
bad | bad | bad | bad | ‘SY | bad | bad 
bad 
fair | fair | bad | fair | ‘"% | fair |just bad 
bad 
very very very very very very very 
bad bad bad bad bad bad bad 
very ‘ very very |. 
poed good bad fair bad pod just bad 
just bad|just bad] bad | just bad a just bad | just bad 


Table 1.2 
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From the table 1.2 it is clear {S, min} is closed under min 
operation and infact min operation is both associative and 
commutative, hence {S, min} is a commutative semigroup of 


finite order. 


We see for very good é€ S is such that min{very good, s} 
= s for alls € S. Thus very good acts as the ling identity for the 


ling semigroup {S, min}. 
Hence {S, min} is a commutative monoid of finite order,. 


The following observations are vital. 


i) For any totally ordered ling set S, finite or 
infinite we have a greatest element and a least 
element. 

ii) The least element serves as the ling identity of S 


under the max operation. 
For max {least element, s} =s for alls € S. 


iii) On similar lines the greatest element of S acts as 


the ling identity for min operation. 


For min {greatest element, s} = s for all s € S. 


Hence the claim. 


We see if the ling set S is not a totally ordered set then 


{S, min} and {S, max} are not even closed. 


We will illustrate this situation by some examples. 
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Example 1.14. Let S = {good, bad, fair, tall, short, fat, thin} be 
a ling set we try to define max operation on S. 


max {good, bad} = good, 

max {good, fat} is undefined (ud), 

max {tall, short} = tall max {short, bad} = ud 
and max {tall, thin} = ud. 


Thus {S, max} is not even a closed under max operation 
so the algebraic structure of S under max cannot be defined. 


So it is mandatory for one to define max operation on any 
ling set S we need to have S to be a totally ordered set. 


Even if S is a partially ordered set then also S cannot be 
closed under the max operation. 


Now we test if S is closed at least under the min 


operation. 
We see 
min{good, bad} =bad, min {good, fair} = fair, 
min {good, tall} is undefined = ud, 
min{good, short} =ud, min{good, fat} = ud, 
min{good, thin} =ud, min {bad, fair} = bad 
min {bad, tall} =ud, min{bad, short} = ud and so on. 
Thus S is not even closed under min operation. 


Clearly S is only a partially ordered set and not a totally 


ordered set. 
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Hence for min operation to be defined on S it is 
mandatory that S must be a totally ordered set. 


Now we proceed onto define two other operations on S; 
viz ‘VU’ - union of ling terms and ‘7’ - intersection of ling terms 
in S. S is taken as in example 1.13; where S = {good, bad, fair, 
very bad, very good, just bad}. 


We see S is a totally ordered set. 
very bad < bad < just bad < fair < good < very good. 
We define {very bad J bad} 
= very bad (as very bad < bad). 
Similarly {fair ~ good} = fair (as fair < good) and so on. 


Now we give the ling table of {S, M}. 


very very 


‘ay good bad fair bad Séod just bad 
good | good bad fair oe good | just bad 


bad | bad | bad | bad ea bad | bad 
ad 


fair | fair | bad | fair a fair | just bad 


very very very very very very very 
bad bad bad bad bad bad bad 


very very very 
good bad good 


very 
bad 


good bad fair just bad 


just bad|just bad| bad | just bad just bad | just bad 


Table 1.3 
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Consider the table 1.2 of {S, min} and table 1.3 {S, } 
we see both are identical. Thus we can say in case of totally 
ordered ling sets both the operation ~ and min are identical that 
is 

min{si, S2} =s1 A S2 wl 


(for all si, so € S) 


I is true so we cannot distinguish them infact the greatest 
element of S also acts as the ling identity of {S, 4}. Now we 
define ‘UW’ operation on the ling set S. 

good U bad = good for bad < good. 

good U very good = very good as good < very good 

good U very bad = good as very bad < good 

fair U just bed = fair as just bad < just fair. 


Keeping these laws in mind we define table of {S, U} in 
the following: 


; very very |. 
U good bad fair baad paed just bad 
good | good | good | good | good ee good 


good 


bad | good | bad | fair | bad | * |just bad 


good 

fair good fair fair fair as fair 
good 

en good bad fair he a just bad 


very very very very very very very 
good | good | good | good | good | good | good 


just bad] good |justbad) fair just bad oe just bad 


Table 1.4 
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We observe the table 1.1 of {S, max} with table 1.4 of 
{S, U} are both identical. 


Hence we conclude in case of totally ordered ling set {S, 


max} and {S, U} are identical. 
Infact we have max {x, y}=x Uy . 


From I and II we can easily conclude {S, max} and {S, U} are 


same on totally ordered ling sets. 


Now we show however this is not true in case of ling 


power set of a set for more refer [24-28]. 
We will illustrate this situation by an example. 


Example 1.15. Let S = {good, bad, fair} be a totally ordered 
ling set associated with the ling variable performance of a 


student in the classroom. 


Let P(S) = {0, {good}, {bad}, {fair}, {good, bad}, {good, 
fair}, {bad, fair}, {good, bad, fair} = S} 


be the ling power set of P(S). 


We first define {P(S), ~} where 7M is just the set theoretic 


intersection used in the classical sense. 


The table 1.5 of {P(S), M} is as follows. 
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{good, | {good, | {fair,| S 


a {good} | {bad} | {fair} bad} |. faire [bad 

o o o o o o 
{good}| ¢ | {good}  |{good}|{good}]  |{good} 
{bad} {bad}| | {bad} | | {bad} {bad} 
{fair} {fair}| {fair} |{fair}| {fair] 
it {g00d}| {bad} 6 as (ood Pes on 
20 ivan] ¢ [ein in| ge | gt 
a > | {bad}| {fair}| {bad} | {fair} Si a 

S fioedy | shady tial y| eee) 00S | MUA) 8 


bad} | fair} | fair} 


Table 1.5 


From the above table we see ‘7’ is a closed operation on 


P(S). Infact ‘-~’ and P(S) is both associative and commutative. 


Further we see S acts as the linguistic identity of this ling 


power set P(S). 
We see Sm {A} = {A} for all {A} © P(S). 


Thus P(S), 4} is a commutative semigroup of finite order 


with S as its ling identity. 


Now we define the operation U on P(S) and it is given by 


the following table. 
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o  |{good}] {bad} | {fair} | 18004] 8004, | {good,) S 


o |{good}| {bad} | {fair} bad? | fair! | fair} 


{goed} {good}/{B000} |x | fairy | bad} | fair} 


{bad, {bad, | {good, {bad, |S 
MPR OE dh | See |obaee dr badie | 25 fair} 

: .., | {good,| {bad, : {good,| {bad, |S 
VEE | APS aac || aig | etry, ell fei) | eae 
{good, | {good, | {good, | {good, S {good, S S |S 
bad} | bad} | bad] | bad} bad} 

{good, | {good, | {good, S {good, S {good,| S |S 
fair} | fair} | fair} fair} fair} 

{bad, | {bad, S {bad, | {bad, S S {bad, |S 
fair} | fair} fair} | fair] fair} 


S) S) S) S) S) S) S) Ss |S 


Table 1.6 
Thus {P(S), U} is a commutative ling semigroup. 
We see for very ling subset 
Ae P(S) AUS=SandA U {o} =A. 


Thus {o} acts as the ling identity in case of ‘U’ operation 
on the ling power set P(S) of S. {P(S), U} is a ling commutative 


monoid of order 2", 


We have provided just one example of this situations. 
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We just state a few interesting results related with them. 


Theorem 1.1, Every totally ordered set (ling set) is always a 
partial ordered set (ling set). 


Proof is left as an exercise to the reader. 


Theorem 1.2. A partially ordered set (ling set) in general is not 
a totally ordered set (ling set). 


Proof is left as an exercise to the reader. 


Theorem 1.3. Every subset (ling subset) of totally ordered set 
(ling set) is again a totally ordered set (ling set). 


Proof is left as an exercise for the reader. 


Theorem 1.4. A proper subset (ling subset) of a partially 


ordered sets (ling set) can be 


i) Unordered sub set (ling subset) of S 
ii) Partially ordered subset (ling subset) of S 
iii) Totally ordered subset (ling subset) of S 


We just give an illustration to this effect by an example. 


Example 1.16. Let S = {a, b, c, d} be a set (ling set; that is a, b, 
c, d can be some concept or can also be ling terms) P(S) denote 


the powerset (ling powerset of S). 


P(S) = {iO}, ta}, {b}, tes, tf, ta, bf, tac}, ta, d}, tb, 
ce}, {b, dd}, {c,d}, {a,b,c}, {a, b,-d}, {a, ¢, dt, {b,c d}; S}- be 
the power set of S or ling power set of S. 
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Now (P(S), <) (€ subset containment relation) is a 
partially ordered set (ling partially ordered set). 

Take the subset 

R= {{a, bj, ta, cf, ta, dj, {b,c}, tb, d}, td, c} } c P(S). 

Clearly R is an unordered set (ling subset) of P(S). 

Now take 

V = {{a}, {a, b}, {a, b, c}, {a, b, c, d} =S} c P(S). 


We see {V, c} is a totally ordered subset (ling subset) of 
{P(S), c}. 


Let W = {{a}, {a, b}, {b, c}, {b}, ta, b}} c P(S) bea 
subset (ling subset) of P(S) {W, c} is only a partially ordered 
set (ling set) as {a} and {b, c} cannot be ordered by 


containment relation. 
However {a} c {a, b}, {b} c {b, c} and {c} c {b,c}. 


Hence {W, c} is only a partially ordered subset (ling 
subset of P(S)) of P(S). 


So the theorem can be proved for P(S) any set (ling set) 


with n terms; S = {aj, a2, ..., an}. 


|P(S)| = 2”. {P(S), c} is only a partially ordered set (ling 


set) under containment relation. 


Consider all the subsets of order two in P(S); 
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B = {{a1, az}, {a1, as}, ..., {a1, an}, {@2, as}, ..., {a2, an}, ...., 


{an-1, an} } C P(S) is an unordered set. 
Consider the subset collection 


C= {{ai}, {a1, a2}, {a1, a2, a3}, {ai, a2, a3, aa}, {a1, a2, a3, a4, as}, 
{a1, a2, a3, a4, a5, a6, ..., {A1, a2, ..., An—1}, S} C P(S) is clearly a 


totally ordered set (ling set) as 


fai} © {a1, a2} © {a1, a2, as} C {a1, a2, a3, ag} C {a1, a2, a3, a4, 


as} C... © {a1, a2, ..., An-i} © {a1, a2, ..., anf =S. 


Consider the collection of subsets (ling subsets) D given 
by 


D= {far}, {a, a2}, {a3, a4, as}, {a4, as}, {a6, a7, ag, ao, ait} 
c P(S). 


D is only a partially ordered set (ling set) and not a totally 
ordered set (ling set). 


We see the pair of elements {a:} and {a3, a4, as} are not 


comparable or does not satisfy the containment relation. 


Similarly the pair of subsets {a1, a2} and {a1, ao, a7, as, a9} 
are not compatible with the containment relation. {a4, as} and 


{a2, ai} are not compatible under containment relation. 


However {ai} ¢ {a1, a2} {ai} C {ao, a7, as, ao, ai}, {a4, as} 
© {a3, a4, as} are pairs of subsets which are compatible under 


the containment relation. 


Thus D is only a partially ordered set (ling set) and not 
totally ordered set (ling set). 
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Having seen some of the properties of partially ordered 
set (ling set), totally ordered set (ling set) and undered set (ling 
set) we now proceed onto study other prospered enjoyed by 
these sets (ling sets). 


We leave it for the reader to prove the following results. 


Theorem 1,5. Let S be a totally ordered ling set {S, min} is a 
ling commutative monoid with the greatest element of S as the 
ling identity. 


Theorem 1.6. Let S be a totally ling set S. {S, max} is a ling 
commutative monoid with the least ling element as its ling 
identity. 


Theorem 1.7. {S, U} be the ling monoid where S is a totally 


ordered ling set which is identical with {S, max}. 


Theorem 1.8. {S, >} is the ling monoid identical with {S, min} 


where S is a totally ordered ling set. 


Theorem 1.9. S be a ling set P(S) be the ling power set of the 
ling set S {P(S), Aj} is a commutative monoid with the ling set S 
as its ling identity. 


Theorem 1.10. Let S be a ling set P(S) be the ling power set of 
S. {P(S), Up is a commutative monoid with the ling identity { ¢}. 


Proof of these two theorems are left as an exercise. 


However P(S) under min or max is very differently 
defined. We describe how min and max operations are defined 


on P(S) by an example. 
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Example 1.17: Let S = {a, b, c, d} be a totally ling set (set). 
P(S) be the ling power set of S; we havea<b<c<d. 


P(S) = {, ta}, {b}, {ef, td}, ta, bf, {a,c}, {a, dj, {b, c}, tb, 
d}, {c, d}, {a, b, c}, {a, b, dt, {a, c, d}, {b, c, d}, S = {a, b,c, 
d}} be the ling power set of the ling set S. 


Consider A = {a, b, c} and B= {b, c,d} © P(S). 


min {A, B} = min{{a, b, c}, {b, c, d}} = {min {a, b}, min{a, 
c}, min{a, d}, min{b, d}, min{b, c}, min {b, d}, min{c, b}, 
min{c, c}, min {c, d}} = {a, b, c}. 


We see A 1 B= {b, c} and A U B = {a, b, c, d} 


max{A, B} = max {{a, b, c}, {b, c, d}} = {max{a, b}, max {a, 
c}, max{a, d}, max{b, d}, max{b, c}, min {b, d} max{c, d}, 
max {c, c}, max{c, d}} = {b, c, d}. 


However A U B= {a, b, c} U {b, c, d} = {a, b, c, d}. 
Clealy AUB ¥#min {A,B} #ANB 
# max {A, B}. 
ANB#AUB¥min {A, B} 
# max {A, B}. 
max {A, B} #AUB#ANB 
# min {A, B}. 
and min {A, B} #AUB#ANB 
# max {A, B}. 
Thus unlike ling sets where min {a, b} =aMb 


and max {a, b} = a U b we see in case of ling power sets all the 
four operations are distinct. 
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We will illustrate in case of S = {a, b, c} by an example. 


Example 1.18. Let S = {a, b, c} be a totally ordered ling set. 
P(S) be the ling power set of S. 


P(S) = {, {a}, tb}, tc}, ta, bf, fa, cf, tb, cf 
S = {a, b, c}} be the ling power set of S. o(P(S)) = 8. 
We will define the operations max and min P(S). 


We will illustrate this by the following tables. Table 1.7 
gives the operations max on P(S). 


a<xb<c 


max | {0} {a} | {b} | {c}] {a, b} | {a, c} | {b, c} | {a,b,c} 


b | {OF | tay | tbs | teh} tab} | ta, cf | tb, cf /ta,b,c} 


tay | tay | tay | tbs | tes] tabs | tach | {b,c | ta.b,c} 


tby | toy | tbs | tbs | tes) tbs | tbc} | tb.cf | {b,c} 


tey | tes | tee | tof | tes] ter | tee | tee | tes 


{a,b} | {a,b} | {a,b} | {b} | {c}| {a,b} | {a,b,c}] {b,c} | {a,b,c} 


{a,c} | {a,c} | {a,c} | {b,c} {c} |{a,c,b}] {a,c} | {b,c} | {a,b,c} 


te,b} | tbs | te,b} |tb.ch] toy] tb.cf | tbc} | tbc} | tbc} 


{a,b,c}] {a,b,c} | {a,b,c}] {b,c} | {c} | {a,b,c} | {a,b,c}) {b,c} | {a,b,c} 


Table 1.7 
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We see for max on P(S) the least element acts as the 
ling identity. 


The {P(S), max} is a commutative ling monoid of 
order 8. 


Now we give the table of min operation on P(S) 


whereax<b<c 


min ta} ) tb} | {c} | {a,b}) tach | tb.ch | {a,b,c} 
> | to} > | 4 b b b b b 
tay ta} ) {a} | fa} | tad) tay | tay | ta 
tb} {a} | {b} | {b} | fab} ] tabs | tbs | {a,b} 
tc} {a} | {b} | {c} | {a,b} } tach | tbc} |{b,c,a} 
{a,b} {a} | {a,b} | {a,b} | {a,b} ) tab} | tab} | {a,b} 
{a,c} {a} | {a,b} | {ac} | {a,b} | tach | {a,b,c} | {a,b,c} 
tb.c} ta} ) tb} | {b,c} | {a,b} jta.b.c}} {b,c} | {b,a,c} 
{a,b,c} {a} | {a,b} | {a,b,c} {a,b} | {a,b,c} | {a.b,c}] {a,b,c} 
Table 1.8 


Clearly min operation on P(S) is not the same as max 


operation P(S). 
Both {P(S), min} and {P(S), max} are very different. 


Now we give the tables for {P(S), 4} and {P(S), U} and 
show that all the four operation is different and distinct resulting 


a ling commutative monoid. 
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We will table them to show they have distinct linguistic 


identities. 


Now the table for {P(S), M} is as follows. 


O | to} | tak | tod | tc} | tab} | tact | tb.ch | {a,b,c} 
) ) > | > | 4 ) 
tay tay | tay | > | ta 
> | tbs tb} | > | tbs | tb} 
) tc} | > | tee | te | te} 
ta} | tb} | {o} | tab} | tal | thy | tab} 
tay fc} | fa} | tach] ter | tac} 
> | tb} | te} | tb} | tes | tb.ch | tbc} 
ta, ta} | tb} | te} | ta,b} | tach | tb.cf {a,b,c} 
Table 1.9 


Now the table for {P(S), U} is given in the following: 


U i) {a} | {b} | {c} | {ab} ] tach | {b.ch | {a,b,c} 
o o {a} | {b} | {ce} | tab} | tac} | {b,c} | {a,b,c} 
{a} {a} {a} | {a.b} | {a,c} | {a,b} | {a,c} |{a,b,c}] {a,b,c} 
{b} | tb} | tab} | {b} | tb.c} | {a,b} |fa,b.ch] {b,c} | {a,b,c} 
{c} | te} | tact | {bc} | te} ftab.c}] ta, c} | tb, c} | {a,b,c} 
{a,b} | {a,b} | {a,b} | {a,b} |{a,b,c}] {a,b} | {a,b,c}| {a,b,c}] {a,b,c} 
{a,c} | {a,c} | {a,c} |{a,b,c}] {a,c} |{a,b,c}) {a,c} |{a,b,c}] {a,b,c} 
{b,c} | {b,c} |{a,b,c}] {b,c} | {b,c} | {a,b,c}) {a,b,c}] {b, c} | {a,b,c} 
{a,b,c} | {a,b,c} | {a,b,c} {a,b,c} | {a,b,c} | {a,b,c}] {a,b,c} | {a,b,c} {a,b,c} 


Table 1.10 
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We tabulate these 4 ling monoids using P(S) under the 


four operations U, ~ max and min. 


S.No. P(S) Identity | How they are different 
1. {P(S), U} {} {a} U {b} = {a, b} 
2. {P(S), min} {a, b, c} min{ {a}, {b}} = {a} 
3. {P(S), 9} {a, b, c} {a} O {b} = {o} 

4. {P(S), max} {} max { {a}, {b}} = {b} 


Table 1.11 


For same of a pair of elements the four operations yield 4 
different values evident from the last column of the table. 


Hence the claim. 


These concepts will be used while building ling 


topological spaces. 


However if the underlying ling set is not a totally ordered 


set we can define only the two operation U and m. 


We will recall the basic properties about substructures of 
these monoids [29, 34-36]. 


Theorem 1.11. Let S be a ling finite set P(S) be the ling power 
set of S. {P(S), A} is a ling commutative monoid. All proper 
subsets of P(S) in general need not in general be submonoids or 


subsemigroups. 


Proof: Let S = {a1, a2, ..., an} be the ling set and P(S) the ling 
power set of S. 
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Consider the subset P = {{a}, {a2}, ... {an}} all singleton 
subsets of P(S). 


We see {ai} ~ {aj} = {6}; i #j and o ¢ P so {P, M} is not 


a submonoid as the very closure axiom is flouted. 


Hence every proper subsets collection of P(S) need not in 
general be a ling submonoid or even a ling - subsemigroup. 


Theorem 1.12. Let S be a ling finite set. P(S) be the ling power 
set of S. If W is a collection of subsets from P(S). {P(S), U} is a 
ling commutative monoid then in general {W, U} is not 


submonoid or even a subsemigroup. 


Proof. Given S = {a1, a2, ..., an} be a ling finite set. P(S) be the 


ling power set of S. 


W = {{ar}, {a2}, ..., {an} } Cc P(S) is not even clsed under 


the U operation. 


Consider {a1}, {a2} € W; we see {ai} U {a2} = {a1, a2} ¢ 
W. Hence {W, UV} is not even closed under the union operation. 


Thus the claim. 


Theorem 1.13. Let S be a totally ordered finite ling set, P(S) be 
the ling power set of S, {P(S), max}. Every proper subset of P(S) 
in general is not a ling monoid or a ling subsemigroup. Infact 
the proper ling subset of P(S) need not in general be even 


closed under the max operation or min operation. 


Proof. Let S = {aj, a, ..., an} be a totally ordered ling set 
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ay Sa. Sa3<... < an—1 < ay be the total order enjoyed by S. P(S) 
be the ling power set of S. {P(S), max} is a ling monoid which 


is commutative. 


Consider W = {{a1, a2} and {a3, a4}} be two ling subset 
which comprises P(S). max { {ai, as}, {a3, a4}} {a3, a4, as} ¢ W 


as aj S$ a3 SN a4 4s. 


Thus {W, max} is not even closed under the max 


operation. 
Take the same W; consider {W, min} 


min{ {a1, as}, {a3, aa}} = {min {aj, as}, min {ai, a4}, min {as, 


a3}, min{as, a4}} (given a; S$ a2 S a3 S agSas<...<an_1 Say). 


So; min{{ai, as}, {as, aa} } = {a1, a1, as, ag} 
= {a1, a3, a4} ¢ W. 
Hence {W, min} is not even closed under the min operation. 


We define ling subsemigroup or ling submonoid of a ling 


commutative monoid. 


Definition 1.3. Let S be a ling set and P(S) the ling power set of 
S. {P(S), UL} be a ling monoid. A subset collection of P(S) say W 
is said to be a ling submonoid if and only if {W, UY} is a ling 


monoid or in short W itself is a ling monoid. 
We will provide some examples of this situation. 


Example 1,19. Let S = {a, b, c, d} be a ling set P(S) be the ling 
power set of S. P(S) = {o{aj, {b}, tc}, tf, ta, c} ta, b}, fa, 
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d}, {b, c}, {b, dj, {c, dj, {a, b, c}, {a, b, d}, {a,c, d}, {b, ¢, d}, 
S} be the ling power set of the set S. 
{P(S), U} is a ling monoid 


V = {{a}, 6, {b}, {a, b}} c P(S) is a ling submonoid of P(S) 
under U; W is given by the following table. 


U 6 {a} {b} fa, b} 

6 [a} (b} fa, b} 

fa} fa} fa} fab} | {a,b} 

(b} ib} | a,b} (b} fa, b} 

{a, b} {a, b} {a, b} {a, b} {a, b} 
Table 1.12 


{W, VU} isa ling submonoid. 
Consider V = { {a}, {a, b}, {a, cf, {a, b, c}} CPS). 


We obtain the table of V under U to find out {V, U} is a 


ling submonoid or not. 


U {a} {a,c} {a,b} {a, b, c} 


{a} {a} {a, c} {a, b} {a, b, c} 
{a, c} {a, c} {a, c} {a, b, c} {a, b, c} 
{a, b} {a, b} {a, b, c} {a, b} {a, b, c} 


{a, b, c} {a, b, c} {a, b, c} {a, b, c} {a, b, c} 


Table 1.13 


{V, U} is a ling submonoid of {P(S), U}. 
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For {W, U} to be a submonoid {6} is a ling identity. 


For the ling submonoid {V, U} we see {a} is the ling 
identity of {V, U} the ling submonid of {P(S), U}. 


We see for {P(S), U} the ling identity is {}. Similarly 
for the ling subset {W, U}, which is a ling submonoid of {P(S), 
U} has 6 to be a ling identity so also for the ling submonoid 
{W, U}, 6 is the ling identity. 


Hence a very natural question arises will every ling 
submonoid of {P(S), U} has @ to be ling identity. 


To this question we give the answer as in general o need 
not be always the ling identity of all ling submonoids. {V, U} Cc 
{P(S), U} is a ling submonoids {V, U} c {P(S), V}is a ling 
submonoid of {P(S), U} but d¢V; only {a} e€ V is the ling 
identity of the ling submonoid of {P(S), U}. 


Consider the ling subset P = {{a, b}, {b, c}, {c, a}, {a, b, 
c}} c P(S). In {P, U} a ling submonoid of P(S). 


We first find the table of P under the ling operation U in 
the following: 


U {a, b} {b, c} {c, a} {a, b, c} 


{a, b} {a, b} {a, b, c} {a, b, c} {a, b, c} 
{b, c} {a, b, c} {b, c} {a, b, c} {a, b, c} 
{c, a} {a, b, c} {a, b, c} {c, a} {a, b, c} 
{a, b, c} {a, b, c} {a, b, c} {a, b, c} {a, b, c} 


Table 1.14 
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We see {P, U} is only a ling subsemigroup of {P(S), UV}. 
Clearly {P, U} has no ling identity. 


Consider the ling subset 


T= {ta}, tbf, ta, ch, ter ¢ & PCS). 


We find the table of T under -. 


U tay 
tay tay 
tb} ta, by 
tc} ta, C} 


Table 1.15 


We see T under ™ is not even a closed ling subset hence 


{T, U} is not a ling submonoid or a ling subsemigroup. 


Thus we see all the 3 ling subsets of P(S) behave very 
differently under the U operation. 


Now if we consider P(S), P(S) under - is a ling monoid 


with {a, b, c} as its ling identity under -. 


Now take W = {@, fat, {b}, fa, b}} c P(S). 


We build the table of {W, >} in the following. 
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0 tay tb} {a,b} 
b b b b 
tay tay ) tay 
tb} ) {b} tb} 
ta,b} {ay {b} tab} 
Table 1.16 


We see {a, b} € W is the ling identity of W under 7 
where {W, M} is the ling submonoid of {P(S), A}. 


Consider P = {{a, b}, {b, c}, {c, a}, {a, b, c}} CG P(S). 


We give the table {P, >} in the following. 


a (a, bj (b, c} {c, a ta, b, cf 
ta, by ta, bj tb} taj (a, bj 
tb, c} tb} tb, c} tc} tb, ¢} 
tC, ay tay tc} tC, ay tc, ay 

(a, b, ¢} ta, by tb, c} tC, ay (a, b, c} 
Table 1.17 


Clearly {P, 7} is not even closed under ™; so is just a 
ling subset of P(S). 


Thus we have seen like the classical algebraic structure 
group in the case of ling monoids the ling identity of the ling 


submonoids are not always the same. 
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To this effect we have given examples. 


Also a ling monoid can have a ling subsemigroup which 
is not a ling submonoid of only a ling subsemigroup. 


We have given examples to this effect also. 


We will show this is the case when we use the operator 
max or min on ling powerset P(S) of a ling set S which is a 
totally ordered set. 


We give min and max operations on the ling subsets W, T 
and P so that it is easy for comparison of them. 


Given T = {fa}, fb}, {a,c}, {c}} C P(S). 


We have already proved T is not a ling subsemigroup or 


ling submonoid under the union operator. 


max {a} {b} {a, c} {c} 

ta} {a, b} {b} {a, C} {c} 

{b} tb} {b} tb, ¢} {c} 

{a,c} {a, C} tb, c} {a, C} {c} 

tc} tc} tc} tc} tc} 
Table 1.18 


We will be using the rule a<b<c 


We see in the table {b, c} is not in T so not even closed 


under max operation. 
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Hence T is not a ling subsemigroup or ling submonoid 


Now consider the operator min of the ling subset T of 


P(S). 


We will describe it by the following table 


min {ay tb} {a,c} {c} 

{aj {ay {aj {aj {ay 

tb} {aj tb} {a, b} tb} 

{a, C} {aj {b,c} {a, C} {c} 

{ce} {ay {b} tc} tc} 
Table 1.19 


We see {T, min} is not a ling subsemigroup or a ling 
submonoid as T is not even closed under min operation for {a, 
b} ¢ T but {a, b} min{{b}, {a, c}} = {min {b, a}, min{b, c}} = 
{a, b} ¢ T. (we havea <b <c) 


Thus {T, min} and {T, max} are not even closed under 
the operations min and max respectively. 


Now consider the ling subset W of P(S); 
W = {6, {a}, {b}, {a, b}}. 


We find how max operator functions on W 


max ) tay tb} ta, by 
y) ) tay tb} ta, by 
tay tay tay tb} ta, by 
tb} tb} tb} tb} tb} 

ta, by ta, bj ta, by tb} ta, by 


Table 1.20 
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We see {W, max} is a ling submonoid of P(S). 


Clearly the ling identity of W and P(S) are the same viz 9. 
We know the least element of P(S) is the ling identity element 
of max operation in P(S) and W are the same then the ling 


submonoid W will have the same ling identi0ty as that of P(S). 


Now we find the table of {W, min} 


min {a,b} 
) ) 
{aj {a} 
{b} {aj {b} {a, b} 
{a,b} {aj {a,b} {a, b} 


Table 1.21 


We see {b} € W acts as the ling identity under max. 
However for P(S) the ling identity with respect to min is 
S = {a, b,c}. 


So the ling submonoid W of P(S) has a different ling 
identity from that of P(S). 


We consider {V, max} and represent in the following 


table V = {{a}, {a,c}, {a, b}, {a,b,c}} CP(S). a<xb<c. 
max {a} {a, c} {a, b} {a, b, c} 
{aj {aj {a, c} {a, b} {a, b, c} 
{a, c} {a, c} {a, c} {a, b, c} {a, b, c} 
{a, b} {a, b} {a, b, c} {a, b} {a, b, c} 
{a, b, c} {a, b, c} {a, b, c} {a, b, c} {a, b, c} 


Table 1.22 
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We see the least element is {a} in V. So the ling identity 
of V is {a} under max operation. However the ling identity for 


max operation in P(S) is {}. 


Hence for the ling submonoid {V, max} ¢ {P(S), max} 
we see the linguistic identity of V different from the ling 


identity of P(S) under max operation. 


Now we give the table of {V, min} in the following. 


min {a} {a, b} {a, c} {a, b, c} 


tay tay tay tay tay 


ta, by tay ta, by ta, by (a, bj 


{a,c} {a} {a, b} {a, c} {a, c, b} 


{a, b, c} {a} {a, b} {a, c, b} {a, b, c} 


Table 1.23 
Hence we list out the following observations. 


1. If P(S) be the ling power set of S. in P(S) is the 


least element and S to be the greatest element of P(S). 


2. If min(and max) operations are to be defined on the 
ling power set P(S) it is mandatory that the ling set S 
must be a totally ordered set. For otherwise min or 
max operations on P(S) cannot be defined. 
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3. {P(S), min}, {P(S), max}, {P(S), U}, and {P(S), M} 
are the four distinct ling monoids under the 


respective operations mentioned. 


4. A proper ling subset M from P(S) can be just a ling 
subset closure and may not be compatible with any of 


the four operations U, M, min or max. 


5. Even if {M, min}, {M, max}, {M, U} and {M, m} 
happen to be closed under their respective operations 
still {M, min}, {M, max}, {M, U} and {M, M} may 
not be ling submonoid it may be only a ling 


subsemigroup. 


6. Even if {M, min}, {M, max}, {M, U} and {M, m} 
are ling submonoids of {P(S), min}, {P(S), max}, 
{P(S), U} and {P(S), } respectively still they may 
have a different ling identity from that of the ling 
identity mentioned in {P(S), min}, {P(S), max}, 
{P(S), U} and {P(S), a}. 


To this effect we have shown examples. 


However to make these notions more understandable we 


will describe some examples to this effect. 
Example 1.20. Consider the totally ordered ling set 


S = {a, b, c, d}; P(S) be the ling power set of S. 


P(S) = {o, {a}, {b}, tc}, td}, ta, by, {a,c}, ta, dj, {b, 
ch, {b, d}, {c, d}, {a, b, c}, {a, b, d}, {a, c, d}, {b, c, d}, {a, b, 
c, d} = S} be the ling power set of S. 
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o(P(S)) = 24 = 16. S is totally ordered a<b<c<d. 


Now {P(S), VU} is a commutative ling monoid with {o} is 


its ling identity. 
For A € P(S) we have A U {} =A for every A € P(S). 


We see {P(S), M} is a commutative ling monoid with 


S = {a, b, c, d} as its ling identity. 
Thus for A € P(S); AM S=A for all A € P(S). 


Consider {P(S), max}; this is again a ling monoid with o 


as its ling identity. 
For max {@, A} = A for every A € P(S). 
The following observation is mandatory. 


We have both {P(S), max} and {P(S), U} have the same 
ling identity viz o. However both the operations U and max are 


distinct. 

For if we take A = {a, b, d} and B = {b, c, d} © P(S). 
We find AM B= {a, b, d} 1 {b, c, d} = {b, d} ...1 

AU B= {a, b, d} U {b, c, d} = {a, b, c, d} ex DL 
min{A, B} = min{ {a, b, d}, {b, c, d}} 


= {min{a, b}, min{a, c}, min{a, d}, min{b, b}, min{b, c}, 
min {b, d}, min{d, b}, min{d, c}, min{d, d}} 


= {a, b, c, d} .. 
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(using a<b<c<d) 


max {A, B} = max{{a, b, d}, {b, c,d}} 


{max {a, b}, max{a, c}, max{a, d}, max{b, c}, max{b, d}, 
max {b, b}, max {d, b}, max{d, c}, max[d, d}} 


{b, c, d} gly 
(using a<b<c<d). 


We see II and III are identical however I, II and IV are distinct 
or I, II] and IV are distinct or different. 


Now take C = {a, d} and D = {b,c} € P(S) 
DAC ={a,d}n {b,c}=6 al 
DUC = {a,b} U {b,c} = {a, b,c, d} A 

min{D, C} = min{ {a, d}, {b, c}} = {min{a, b}, min{a, c} 
min {d, b}, min{d, c}} = {a,b,c}; (asb<c<d) ..IIl 

Consider max {C, D} = max {{a, d}, {b, c}} 

= {max {a, b}, max {a, c}, max {d, b}, max {d, c}} 
= {b,c, d}; (a<b<c<d) TV 


Thus we see I, II, II] and IV are distinct hence {P(S), M}, 
{P(S), U}, {P(S), min} and {P(S), max} are four different ling 


monoids. Hence our claim. 


Now we show how they work on ling subsets of P(S). 
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Let M= {{a, b}, {b,c}, {c,d}, {d, a}, {b, d}} © P(S). 


We give the table of {M, U} in the following. 


Table 1.24 


U fab} | {b,c} | fe,dt | {dat | {b,d} 
fa,b} | {a,b} | {a,b,c} | {ab,c, d}| {a,b, d} | {a,b, d} 
{b,c} | {a,b,c} | {b,c} | fb,c,d} | {a,b,c,d} | {b, c, d} 
fo,d} | {a,b,c,d} | {b,c,d} | fed} | fa,c,d} | {b,,d} 
fd,at | {a,b,d} | fa,b,c,d} | fac,d} | {d,at | {a,b,d} 
{b,d} | fa,b,d} | {b,c,d} | {b,c.d} | {a,b,d} | {b,d} 


We see {M, VU} is not even closed under the operation U. 
For {a, b,c}, {b, c, d}, {a, b, c, d}, {a,c, d}, {a, b, d} ¢ M. 


So closure axiom is not true in case the operator U. 


Now consider {M, M} the operation > on M. 


We give the table associated with {M, M} in the 


following. 

‘ay {a, b} tbs et {c, d} {d, a} {b, d} 
{a,b} | ta, b} {b} {o} {a} {b} 
{b, c} {b} {b, ¢} {c} {} {b} 
te, d} {} {ec} te, d} {d} {d} 
{d, a} {ay {o} {d} {a, d} {d} 
{b, d} {b} {b} {d} {d} {b, d} 


Table 1.25 
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{M, ™} not even closed under the operation 4. 
For {b}, , {a}, {ce}, td} ¢ M. 


So both {M, VU} and {M, m} are even closed under the 


respective operations. 


Now we give the table {M, max}; a<b<c<d. 


max | {a,b} | {b,c} | {c,d} | {da} | {b,d} 
fa,b} | {a,b} | {b,c} | {c,d} | fa,d,b}| {b,d} 
{b,c} | {b,c} | {b,c} | {c,d} | {b,c,d} | {b,c,d} 
{c, d} {c, d} {c, d} {c, d} {c, d} {c, d} 
fa,d} | {a,d,b} | {b,c,d} | {c,d} | fad} | {b,d} 
{b,d} | {b,dt | {b,c,d} | {c,d} | {b,d} | {b,d} 


Table 1.26 


We see {M, max} is not even closed under the operator 
max {a, b, d}, {b, c, d} ¢ M. This is clear from the table . 


Now consider the table for {M, min} 


min {a, b} {b, c} {c, d} {d, a} {b, d} 
{a, b} {a, b} {a, b} {a, b} {a, b} {a, b} 


{b, c} {a, b} {b, c} {b,c}. | {bga,ch | {bc} 
{c, d} {a, b} {c, b } {c,d} | {d,a,c} | {b, d,c} 
{d, a} {a,b} | {a,b,c} | {d,a,c} |] {dja} | {d,b, a} 
{b, d} {a, b} {b,c} | {b, d,c} | {d,a,b} | {b, d} 


Table 1.27 
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We see {M, min} is not closed under the operation min, 


for {d,c, a}, {b, d, c}, {a, d, b}, {a,b,c} ¢ M. 


We see all the four operations on M are distinct and none 


of them is closed on M. 
However we will consider a ling subset 
R= {{a}, {a, b}, {a, b, cf, {b,c}, {c, af} C PS). 


Now the table for {R; U} is given 


U {a} fa, b} {b, c} {c, a] {a, b, c} 


{a} {a} {a,b} | {a,b,c} | {c,a} | {a,b,c} 
{a, b} {a, b} {a, b} {a,b,c} | {a,b,c} | {a, b, c} 


{b,c} | {a,b,c} | {a,b,c} | {b,c} | {a,b,c} |] {a,b,c} 


{c, a} {c,a} | {a,b,c} |] {a,b,c} | {c,a} | {a,b,c} 
{a,b,c} | {a,b,c} | {a,b,c} | {a,b,c} | {a,b,c} | {a, b, c} 


Table 1.28 


We see {R, VU} is a ling subsemigroup as U is a closed 


operation on R. 
We see {R, U} does not contain any ling identity in R. 


Consider the table of {R, M}. 
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iy {a} {a, b} {b, c} {a, c} {a, b, c} 


tay tay tay to} tay tay 


ta, by taj ta, bj tb} tay ta, bj 


tb, ¢} 0) {b} tb, c} tc} tb, c} 


{a, C} {ay {ay {c} tach | ta, ¢} 


{a, b, c} {a} {a, b} {b, c} {a, c} {a, b, c} 


Table 1.29 


R under the ling operation ~ is not closed. Hence {R, M} is not 
a ling subsemigroup or a ling submonoid as under the operator 


-) the closure axiom is flouted. 


Now we give the table {R, min} by the following table. 


min {a} {a, b} {b, c} {a, C] {a, b, c} 


taj tay tay taj tay tay 


ta, by tay ta, by | ta, by | tabs | ta, b} 


{b, c} {a} {a, b} {b, c} {a,b,c} | {b, c, a} 


{a, c} {a} {a, b} {a, c, b} {a, c} {a, c, b} 


{a, b, c} {a} {a, b} {a,b,c} | {a,c, b} | {a, c, b} 


Table 1.30 


We see R under min is closed. Thus {R, min} is a ling 
subsemigroup which is not a ling submonoid as it has no ling 
identify in it (R). 


Now we give the table for {R, max} 
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max {a} {a, b} {b,c} {a,c} | {a,b,c} 
tay tay ta, by | tbc} | tach | ta, b,c} 
{a,b} {aby | ta, by | {b,c} | ta, b,c} | ta,b, oF 
tb,cy | tbe} | tbe} | tb,c} | thee} | {b,c} 
tach | {a,c} | ta,b,c} | tb,cy | tacy | ta, b,c} 
ta, b,c} | tab, cf | ta, b,c} | {b,c} | ta, b,c} | ta, b, cf 
Table 1.31 


We see max is a closed operation on R. {R, max} is 


infact a ling submonoid with {a} as its ling identity; however 


for P(S), is the ling identity under max operation. 


Now we table the four structures of R. 


S. Not closed under | Ling subsemi |, . : 
. Ling submonoid 
No. the operation group 
ling 
sam acai subsemigroup 
not closed under 
ce the operation 7 
‘ ling 
el coca subsemigroup 
2 a ling sub 
4. |{R, max} |- monoid with {a} 
as ling identity 
Table 1.32 


We see the four ling operations behave in four different 


ways. 


Basic Concepts on Linguistic sets | 53 


Consider the ling subsets 


B= (taj, tb}, tcf, td}, ta, b, cf, tb, d}} < P(S). 


Now we find all the four operations on B . The table for {B, U} 


is as follows. 


U {aj {b} tc} {d} | {b,d} | {a,b,c} 
{aj {ay | ta,by | tach | tad} | {a,b, d}} {a,b,c} 
{tb} | ta, by | tb} | {b,c} | tb,d} | tb.d} | ta,b,c} 
{ce} | tac} | {b,c} | {tet | ted} | ic, b, dj) {a,b,c} 
{td} | tad} | tod} | ted} | {d} | tb.d} |{a,b,c,d} 
{b,d} | {a,b,d} | {b,d} | {b,c,d} | {bd} {b,d} | {a,b,c,d} 
{a,b,c} | {a,b,c} | {a,b,c} | {a,b,c} | {a,b,c,d}|{a,b,c,d}} {a,b,c} 
Table 1.33 
Clearly B is not closed under the U operation. 
Now we find the table {B, M}. 
a {aj tb} tc} {d} | tb.d} | {a,b,c} 


tb,dj 


tb} 


{a,b,c} 


tc} 


{a,b,c} 


Table 1.34 
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Clearly the operation -% is not closed for the ling subsets 
Bc P(S). Now we find the table for max on B 


a<b<c<d. 


max {a} {b} {c} {d} {b,d} | {a,b,c} 


tay tay tb} tc} tdy | tb.d} | {a,b,c} 


tb} tb} tb} tc} tdy | tb.d} | {b,c} 
tc} tc} tc} tc} td} | teds | tes 


id} td} td} td} id} td} td} 


{b,d} | {bd} | {bd} | {c,d} {d} {b,d} | {b,c,d} 


{a,b,c} | {a,b,c} | {b,c} {c} {d} {b,c,d} | {a,b,c} 


Table 1.35 
Clearly max operation is not closed for B. 


We give the table for {B, min}; 


min {a} {b} {c} {d} {b,d} | {a,b,c} 


{aj {aj {aj {ay {ay {aj {ay 
{b} {ay {b} tb} {b} {b} | tab} 
{c} {aj {b} tc} {cy | {b,c} | {a,b,c} 
td} {ay {b} tc} {td} | {bd} | {a,b,c} 
{b,d} |] tay {b} | {b,c} | {bd} | {b.d} | {a,b,c} 
{a,b,c} | {a} {a,b} | {a,b,c} | {a,b,c} | {a,b,c} | {a,b,c} 


Table 1.36 
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{b,c}, {a, b} ¢ B. So B is not even closed under min operation. 


Now we table the four operations on B. 


S. Not closed Ling sub Ling sub 
No. operation | semigroup | monoid 
1. |{B, VU} Not closed - - 

2. |{B, a} Not closed - 

3. |{B, min} Not closed - - 

4. |{B, max} Not closed - - 
Table 1.37 


Thus B remains to be a ling subset collection of P(B) 
which is not closed under all the four operations. 


We have seen all the cases which proves the observations 
we have listed. 


Now we would next define the new notion of ling 


semirings and ling semifields. 


To achieve this we need to recall the definition of 


semirings and semifields. 


Definition 1.4. Let S be a non empty set. S is defined to be a 
semiring under the operations + and x if the following 


conditions are satisfied. 


1. For all xv © S we have x + y € S (closure 


axiom). 


2. For all x, y, z € S we have 
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x+(yt+z)=(« + y) +z (associativity law). 


3: For all x, y € S we havex +y=yrtx 


commutative law. 


4. There exists a unique 0 € S such that 
0+x=x+0 =x forall x eS; 0 is called the 
additive identity of S. 


d: {S, +} is a commutative monoid. 


6. There is defined a binary operation x on S, 
such that for x, y € S we havex xy €S 


(closure axiom) 


7. For all x, y, z € S we have 


x x(y xz) = (x xy) Xz (associative law). 


8. For all x,y © Sifx xy =y xx (commutative 
law) we define {S, x} as a commutative 


semigroup under x. 


9. We define {S, +, x} as a semiring if there exists 
1 eS such thatx x1 =1xx =x forallx eS; 
then we define {S, x} as the commutative 
semigroup under the x; if 1 Ee S we define 


{S, x} to be ling monoid. 
Now if we have the following operation to be true that is 
xx(ytz)=xxytxxz 


The distributive law is true. 
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Then {S, +, x} is defined as the semiring. 
For more about semirings please refer [31-37]. 
We will first provide some examples of them. 


Example 1.21. Let S = Z° = Z* U {0} be the set of positive 


integers with zero. {S, +} is a monoid of infinite order. 
For if 5,9 € {S,+} we know5+9=14 eS. 


Thus {S, +} a monoid and its identity is zero; {S, x} is a 


monoid using Z*, under the product. 
Thus {S, +, x} is a semiring of infinite order. 


In case R° = R* U {0} is again a semiring of infinite 


order. 
Q°=Q' U {0} is also a semiring of infinite order. 


We now proceed onto give examples of semirings. 


Example 1.22. Q°[x] = {}1a;x' | ai ¢ Q? = QV U {0}; x is an 


i=l 
indeterminate} be the semiring of polynomials with coefficients 


from the positive rationals together with 0. 


It is easily verified that for any p(x) € Q°[x], we cannot 


find a negative q(x) € Q°[x] for p(x) such that 


q(x) + p(x) = 0(x) where 0(x) = Ox" + Oxt=!+....+0x +0 


the zero polynomial. 
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Since in Q° = Q* U {0} we do not have for any 


ne Q’, (-n) € o 


such that n + (-n) = 0 as Q’ is only the collection of positive 


rationals. 


We know {Q° = Q’ u {0}, +, x} is a semiring hence 


Q°[x] is also a semiring under + and x [31-37]. 


Example 1.23. Let S = {R°[x] / R* U {0} = R° x an 
indeterminate} be the semiring of polynomials {S, +, x} is a 


semiring. 
Further we see this S has no inverses with respect + and x. 


Now all the examples provided of semirings are of 
infinite cardinality or to be more appropriate technically all of 


them are of characteristic zero. 
Now we will provide examples of finite ordered semiring. 


We just recall the definition of lattice to make this book a 


self contained one. 


We define the notion of relation on two non-empty sets A 
and B. 


Definition 1.5. Let A and B two non empty sets. A relation R 
from A to B is a subset of A x B. Relations from A to B are 
called relations on A for short if (a,b) © R then we write aRb 
and say that ‘a’ is in relation R to b. Also if a is not in relation 
R to be and write a akb. 
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A may have some of the following properties. 
R is reflexive if for all a in A we have aRa. 
Ris symmetric if for a and bin A aRb implies bRa. 


R is antisymmetric if for all a and b in A aRb and bRa 
imply a = b. 


R is transitive if for a, b, cin A aRb and bRc imply aRc. 


A relation R on a set A is called a partial order (relation) 


if R is reflexive, antisymmetric and transitive. 


In this case we say (A, R) is a partially ordered set or a 


poset. 
A partial ordered is denoted by Sor & 


We say a partial order on A is called a total order if for 


every pair a, b € A either a Sor b Sa. {A, < is called a chain 


or a totally ordered set. 


We provide examples of a partially ordered set and a 
totally ordered set. 


Example 1.24. Let S = {a, b, c, d} be a set of four elements. The 
powerset P(S) of S is given by 


S= 1, tay, tb}, ich, td}, ta, bj, ta, cs, ta, dy, tb, cf, tb, dj, 
{c, d}, {a, b, c}, {a, b, d}, {a, c, d}, {b, c, d}, {a, b, c, d}}. |S|= 
2‘ = 16. 


The containment is only a partial order on P(S) as {b, c} 
and {c, d} € P(S) {b,c} ¢ {c, d} however we have 
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{a, b}, {a, b, d} e P(S) such that {a, b} ¢ {a, b, d}. 
Thus {P(S), c} is only a partial order set. 


Example 1.25, Let S = {1, 9, -9, 6, 8, 12, -18} be a nonempty 


set S is a totally ordered set under ‘<’ for 


—18<-9<1<6<8<9<12. 


Hence the claim. 
We can represent the two examples diagrammatically. 


The diagrammatic representation is defined as the Hassee 


diagrams. 


The Hassee diagram for the totally ordered set S is as 


follows. 


12 


—18 
Figure 1.1 


The Hasse diagram for P(S) given in example 1.24 is as 


follows. 
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Figure 1.2 


Now we proceed onto define the notion of upper bound, 


lower bound, infimum and supremum of a partially ordered set 
or poset in the following. 


Definition 1.6. Let {S, <} be a partially ordered set and P CS. 
i) x €S is called an upper bound of P if and only if 

for all p & P; p Sx. 

ii) x € Sis called a lower bound of P if and only if 

for allp €P,x Sp. 
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iii) The greatest amongst the lower bounds, 
whenever it exists is called the infimum of P and 
is denoted by inf P. 


iv) The least upper bound of P whenever it exists is 
called the supremum of P and is denoted by sup 
B. 


We now recall the definition of a semilattice. 


Definition 1.7. Let (L, 3) be a partially ordered set (L, S) is 
called a semilattice order if for every pair if elements, a, b € L 


the sup(a, b) exists (or equivalently inf (a, b) exists). 


A partially ordered set (poset) (L, S) is called a lattice 
ordered if for every pair of elements, a, b € both inf (x, y) and 
sup (x, y) exists. 


We will first provide examples of semilattices. 


Example 1.26. Consider A the subset of P(S) where 
S = {a, b, c}. 


Here A = {{a, b, c} =S, {a, b} {a, c} and {b, c}}. The 
semilattice associated with A is as follows; 


S = {a,b,c} 


{a,b} a,c} {b,c} 


Figure 1.3 
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Here this semilattice has operation sup defined on it and inf 
operation is not defined on it. 


Example 1,27. Consider the subset B of the power set P(S) of S 
where S = {a, b, c, d}. 


The subset B c P(S) has the following elements B = 
{h,{a}, {tb}, te}, td} }. 
The semilattice of B which has only inf defined on it is 


given by 


fa} fb} c} 
(d} 


to} 


Figure 1.4 
We can have several such semilattices. 
Now we can technically define semilattice. 


Definition 1.8. Let {L, < be a poset. We say {L, < is a 


semilattice under sup if the following statements are equivalent. 
i) xSy 


ii) sup {X, yp =y. 
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We say {L, <} is a semilattice under inf if the following 


statements are equivalent. 
i) xSy 
ii) inf (x,y) = x. 
(Now to this effect we have already provided examples). 
Now we define equivalent of a lattice as follows. 
Definition 1.9 


i) Every ordered set is lattice ordered. 
ii) In a lattice ordered set (L, <) the following 
statements are equivalent for all x, y € L 


a XxSy 
b. sup {x, y} =x and 


c. inf {x yf =x. 
We will provide one or two examples of the same. 


Example 1.28. Let L be a lattice given by the following figure. 


1 


0 
Figure 1.5 


This lattice will be called as a pentagon lattice. 
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We see L = {a, b, c, 0, 1} the ‘<’ order is as follows 
O0<b<a<l1 and O<cK<l. 


a and b are comparable with c. This is also evident from the 


Hasse diagram given in figure. 


Example 1.29. Let S = {0, 1, a, b, c} be a set with the partial 


order < as follows 


O<a<l, O0<b<1 and O<c<l. 


Clearly a, b and c are not comparable. 


We have the following Hasse diagram for the S. 


0 
Figure 1.6 


This lattice will be addressed as a diamond lattice. 


If we remove from the set S the element | then we have 
S\ {1} =P= {0, a, b, c} such that 


O<a, 0<b andO<c 


The resultant can only yield a semi lattice under inf only. The 


Hasse diagram is given by the following figure. 
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{a} {b} {c} 


0 
Figure 1.7 


For only if {a, b} = 0 = inf {b, c} =inf {a, c}. 


However sup{a, b}, sup{b, c} and sup{a, c} is not 
defined. 


Now if we remove from the set S the element 0. Then we 
have S \ {0} = B= {1, a, b, c}. 


We have a<1,b<landc<l. 

For this B we can only define sup for 

sup {a, b} = sup {b, c} = sup {a, c} = 1. 
So it a semilattice under sup. 


We do not have inf{a, b}, inf{b, c} and inf{a, c} to be 
defined. 


The Hasse diagram for B is as follows. 


] 


Figure 1.8 
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Thus B is a semilattice under the sup operation. 
Next we define the notion of a line lattice. 


We saw all the two lattices and semilattice given in figure are 
only partially ordered set. They are not totally ordered set. 


If we have a lattice whose set under consideration is a 
totally ordered set then we have a special name for then we call 


it either as a line lattice or more mathematically a chain lattice. 


Definition 1.10. Let {L, <} be a lattice. If ‘S$’ is a total order on 
Land L is a lattice order we call L a chain lattice. Thus we have 
a chain lattice L if for every pair x, y € L we have either x <y 


ory Sx. 
We now give some examples of chain lattices. 


Example 1.30. Consider | = [x, y] any closed interval on the real 


line R, [x, y] under total order is a chain lattice. 
Example 1.31. [0, ©] is also a chain lattice of infinite order. 
Example 1.32. [-:0, 1] is a chain lattice of infinite order. 


Example 1.33. {0, 1} = L the two element set 0 < 1 is a chain 


lattice having the following Hasse diagram. 


0 
Figure 1.9 
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This lattice will be denoted by Co. 


Now we give the algebraic definition of semilattice and 


lattice. 


Definition 1.11. An algebraic semilattice {L, U} (under sup) is 


a nonempty set L with a binary operation VU (join) (also known 


as sum or union) which satisfy the following conditions. 


that 


i) x Uy =y Ux (commutative law) 
ii) x Uy Uz) = (x Uy) Uz (associative law) 
iii) x U(x Ny) = x (absorption law). 


(This condition (iii)) yields an additional condition such 


iv) x U x =x (idempotent law) 


An algebraic semilattice (L, s) L a nonempty set with a 


binary operation meet ‘ ’ (also called as intersection or 


product) which satisfy the following conditions for all x, y, z € 


L. 


i) x Ay =y Ax (commutative law) 
ii) (Xx NY) AZ =x 7 (y Az) (associative law) 


iii) xO (x Uy) =x (absorption law) 
This law leads to additional conclusion x Nx = x 
iv) x x =x (idempotent law). 


In view of all these we will now give the definition of an 


algebraic lattice. 
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Definition 1,12. An algebraic lattice {L, A, UY is a nonempty 
set L with two binary operations VU and 7 (Vv (join) and A 
(meet)) (also called as union or sum and intersection or 
product) which satisfy the following conditions for all 


xyz EL. 
i) XAV=VAX X Uy =y Ux (commutative law) 
ii) XANWVAZ=(KAY Az, 


(x Uy) Uz =x Uy Uz) (associative law) 


iii) xA(xk Uy) =x x U(x Ay) = x (absorption 
law) 


Thus (iii) condition leads to a new law viz. 
xOx=x and x Ux =x (idempotent law). 


The relation between lattice ordered sets and algebraic 
lattice is as follows. 


Let (L, <) be a lattice ordered set. 
If we define x 4 y = inf (x, y) and x U y = sup (x,y) 
Then {L U, M} is an algebraic lattice. 


If on the other hand {L, U, 7} is an algebraic lattice if we 
define x < y if and only ifx Ny =x (or x < y) if and only if 
(x Uy =y) then (L, S) is a lattice ordered set. 


Now we give yet another example of a algebraic lattice. 


Example 1,34, Let S = {a, b, c} be a set and P(S) be the power 
set of S. 


P(S) = to, ta}, tb}, tcf, {a,c}, ta, bf, {b, cf, ta, b, c} = S} be 
the power set and order of P(S) = 2? = 8. 
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The semilattice under VU or sup is given below 


{a,b,c} =S 


{a, c} {a, b} Ae) 
Figure 1.10 


The semilattice under A or inf is given below. 


tb} 


ta} fc} 


) 
Figure 1.11 


The algebraic lattice with U and 7 is given below. 
{a, b, c} 


fa, b} tac} 


tc} 
(aj 


) 
Figure 1.12 
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Now we define to notion of a sublattice of a lattice. 
Definition 1,13. Let L be a lattice. 


S be a non-empty subset of L if S is lattice with respect 
to the restriction of Land 7 of L onto S then S is a sublattice 


of L. 
We will give examples of sublattice of a lattice L. 


Example 1.35. Let L be a lattice given by the following 
figure 1.13. S be a sublattice of L which is also given in 


figure 1.14. 


0 
Figure 1.13 


Consider the subset S of L given by {1, e, f, d, b, c, a, 0}. 


The figure associated with S is as follows. 
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1 
. f 
b c 
a 


Figure 1.14 


Take S \ {d} = P then P does not form a sublattice. Take 
M = {badc} CL; M is a sublattice given by the following 


d 
<> 
a 


Figure 1.15 


figure. 


Let N = {e, f, g, d, 1} CL; the sublattice associated with 
N is given by the following figure. 


<b> 


Figure 1.16 
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We give definition of modular lattice and distributive 
lattice in the following. 


Definition 1.14. Let L be a lattice L is called or defined as a 
distributive lattice if for all x, y, z € L; the following equations 
hold good; 


x UVNZ) =(* Uy) A(x Uz) or 
xAY UZ) = (KAY) UA) 
called the distributivity equations. 
We give examples of distributive lattices. 


Example 1.36. Let L be a lattice given by the following 
figure 1.17. 


0 
Figure 1.17 
To proveaU (bd) =(aUb) an (aud). 
Consider aU (bN d)=aUd=a 


Now (aU b) AN (aU d) =ana=a. 
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Hence distributive law is true for the triplet. 
Consider x N (y Uz) = (KN y) U(KOZ) 
Xx A0(yUz)=an(bUd)=anb=b 
(anb)U(and)=bUd=b. 
Consider {b, d, c} 
To prove bU (dc) =(bUd) N(b Uc) 
bU(dnc)=bUd=b. 
Now 
(bUd)A(bUc)=bnanb. 
ba(cUd) =(bNc)U(bUd) 
Consider 
ba(cUd=bncHd. 
and (bc) U (bd) =dud=d. 
Thus bm (cUd)=(bNc)U (bd) =d. 


Consider the lattice L given by the following figure 1.18. 


0 
Figure 1.18 
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Take a, b,c € L 
aU(boc)=(aUb)n (auc) 
aU(bonc)=aU0=a wl 
(aUb)n(auc)=1N1=1 . I 
(aUb)n(auc)=1N1=1 


Equation I and II are not equal in L so figure 1.18 is not a 
distributive lattice. 


(anb)U(bNc)U(CNa)=0UDNVUN=0._ ...I 
(aub)n(badaA(cuUaHlAIOl=l1. 


So distributive law is not true in case of this diamond lattice. 
Thus we can conclude the diamond lattice is not a distributive 
lattice. 


Consider the pentagon lattice L = {0, b, a, 1, c} 


1 


0 
Figure 1.19 
Is a pentagon lattice distributive or not? 
Consider a, b, c € L. 


To proveam (bUc)=(anb) U (anc) if the pentagon 
lattice is distributive. 
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Consider an(bUc)=anl=a seal 
(anb)U(aUc)=bU0=b . ll 


Clearly I and IJ are distinct, hence the pentagon lattice is 
not a distributive lattice. 


Now we recall the definition of modular lattices. 
Definition 1,15. A lattice L is called modular if for all 
a,b,c €L,ascimplya V(bNod) =(avbne. 


We can prove the diamond lattice L is a modular lattice, 
but just we have proved that a diamond lattice is not 
distributive. 


Consider the modular lattice 1, a, b (we cannot take the 
triple a, b, c as all the three are not comparable so modular law 
cannot be implemented. 


To prove for a, b, 1 with a < c = 1, the identity 
XU(YAZ=HKUYAZ X<Z feel 
Consider a= x, b= y andz=1; 

xU(¥ Oz) =aVU(bO 1) (a=x, b=y, z= 1) 

=aub= 1 ol 

(KUY Oz =H=(aUb)nl=l1on1l= 1 ae JI 
I and IJ are identical hence modular law is true. 

We can take (a, b,0);x =0 y=b z=a 
xU(¥ OZ) =0U(bna)=0 pee 
(KUyAz=OUb) Na =bna=0 . II 


Land II identical hence modular law is true. 


Basic Concepts on Linguistic sets | 77 


Thus the diamond lattice is modular however it is not a 
distributive lattice. 


To test if the pentagon lattice is modular. 


Consider the pentagon lattice. 


1 
a 
c 
b 
0 
Figure 1.20 
To prove x U(yNZ)=(KUY) NZ X<Z 
Take x =a, y=bandz=l;aU(bon l)=aUb=l LT 
(xUy)Uz=(aUb)az=an l=a . ll 


I and II are not the same so the modular law does not hold good 
for the triplet (a, b, 1; a < 1) hence the pentagon lattice is not 


modular. 


Now a chain lattice is always distributive. For elements of 
a chain lattice is a totally ordered set; they satisfy both modular 
and distributive lattice. 


All distributive lattices are modular but in general a 


modular lattice is non distributive. 


A pentagon lattice is both non distributive and non 


modular. 
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A diamond lattice is distributive but is a modular lattice. 


The lattice given in the following figure is a distributive lattice. 


1 


0 
Figure 1.21 


Now we define complemented lattice [12, 22]. 


Definition 1.16. A lattice L with 0 and I is called complemented 


if for each x €L there is at least one y € L such that 

x Oy =Oand x Vy = 1; y is called the complement of L. 
For the figure 1.21 given, a is the complement of b as 
aUvb=land anb=0. 

Further the complement is unique. 
Consider the following lattice L = {1, ai, az, ..., as, 0} 


1 


0 
Figure 1.22 
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The complement of a; can be az, a3, a4, as 
for aia =OandajUaj= 1,14}. 
We see 0 is the complement of 1 or | is the complement of 0 


as0Ul=land001=0. 


0 
Figure 1.23 


Thus C» or the chain lattice is such that it has only two 


element. 


Consider the lattice L = {0, 1, a, b} given by the 


following figure. 


0 
Figure 1.24 


a has no complement and b has no complement. 
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Thus we can have lattices such that the elements other 
than 0 and 1 have no complement. 


The class of line or chain lattices falls under the class. For 
in a chain lattice L other than 0 and | no other element has a 


complement. 


The chain lattice L given in the following figure 1.25, no 


element other than 0 and 1 have complements. 


1 


ag 


a4 


al 


0 


Figure 1.25 
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0U1=1, ON1=0. 
But aim aj =ai ifi<j 
aj U aj = aj since i<j for 1<i,j<9 
hence L has no complement for its elements other than 0 and 1. 


Recall the definition of Boolean algebra [12, 22]. 


Definition 1,17. A complemented distributive lattice is called or 
defined as a Boolean algebra. Distributivity in a Boolean 
algebra guarantees the uniqueness of complements. 


The Hasse diagram of the smallest Boolean algebra is C2. 


1 


0 
Figure 1.26 


The complements are unique for 1V0=1and0N1=0. 


Now consider 


0 
Figure 1.27 


a is the unique complement of b and vice versa. 
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0 is the complement of | and vice versa 

aU b=landanb=0 

0OU1l=land1O0=0. 

Consider the direct product of the lattice C2 with itself. 
C2 x Co = {(0, 0), 1, 0), (0, 1), G, D}. 


Now this C2 x C2 can be given a lattice representation 
which is as follows. 


(1,1) 


(0,1) (1, 0) 


(0,0) 
Figure 1.28 


Clearly (0,0) U(1, 1) =(, 1) and 
(0, 0) V1, 1) = (0, 0). 
So (1, 1) is the complement of (0, 0) and vice versa. 
Consider (1, 0) = (0, 1) e L= C2 x Co. 
(1, 0) U0, 1) =, 1) and (1, 0) 4 (0, 1) = (0, 0) 
Complement of (0, 1) is (1, 0) and vice versa. 


So the lattice got by Cz x C2 is a distributive lattice and is 


a Boolean algebra by the very definition of Boolean algebra. 
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Consider the power set of two element {a, b} =S. 
P(S) = {o, {a}, {b}, ta, b}}. 
The lattice representation of P(S) is as follows. 


{a,b} 


{a} {b} 


tO} 
Figure 1.29 


This lattice is identical or isomorphic with the Boolean 
algebra got by C2 x C2 and P(S) 


{(1, 1} {a,b} 


(0,1) (1,0) 


{0,0} {} 
Figure 1.30 


So by matching 
(0, OF <> {o}, 110, D} < fa}, 
{(1,0)} <> {b}, (C.,.D} © fa, bj. 
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Now consider the triple product of C2; 


L=Co x Co x Co= {(0, 0, 0), (1, 0, 0), (0, 1, 0) (0, 0, 1), 
(11-0), 0-1) 0. Tcl), Gly del) bl =8. 


The Hasse diagram for L is as follows. 


(1.1.1) 


(1.1.0) (0. 1.1) 


(1.0.0) (0. 1.0) 


(0. 0. 0) 
Figure 1.31 


Now consider the power set P(S) of S = {a, b, c}. 
We have 


P(S) = {o, {a}, {b}, {c}, {a,c}, {a, b}, {b, c} =S = fa, b, c}} is 
the power set of order 8 = 23. The lattice associated with P(S) is 
given by the following figure. 


{a,b 


tay 


to} 
Figure 1.32 
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We see C2 x C2 x Cz is also a lattice infact a Boolean 
algebra of order 8 and P(S) is again a Boolean algebra of order 8 


which is identical or isomorphic to each other. 


Figure 1.33 


{(1, 1, D} © {a, b, c}, (1, 1,0) & {a, b} 

(0, 1, 1) < {b,c}, C1, 0, 1) {a,c} 

{(0, 0, 0) << 6, (1, 0, 0) << {a} 

(0, 1, 0) <> {b}, (0, 0, 1) <> {c}} 

In view of this we have the following result. 


Theorem 1.14. Let L = C,x...xC, be a Boolean algebra of 
U——_~’ 


n-times 


order 2". Let K = P(S), the power set of S = {a1, ..., Anj. 
|P(S) | = 2". K = P(S) is again a Boolean algebra of order 2". 


We have the two Boolean algebras are isomorphic or 


identical. 
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Proof is left as an exercise to the reader. 
Boolean algebras are also semirings of finite order. 
Thus we have given semirings of finite order. 


We suggest a few problems to the reader so that by 
working with them the reader will become familiar with the 
basic concepts of ling variables, ling sets, partially ordered ling 
sets and totally ordered sets and lings sets; lattices, semirings 
Boolean lattice or Boolean algebra and so on which are 
described in this chapter. 


SUGGESTED PROBLEMS 


1. Give an example of a ling variable which has a ling 
continuum associated with it. 


2. Give an example of a ling variable whose associate ling 
set is an unordered finite asset. 


3. Illustrate by an example of a ling variable which ling set 
is continuous totally ordered by not increasing through 
out the set. 

4. Can we say a ling variable whose ling set is totally 


ordered set increases till the end? 


5. Can we say all ling variables which have a ling 
continuum is always a time dependent one? 


Justify your claim. 


6. Obtain any other special feature associated with ling 
variables and their ling sets. 


10. 


11. 


Basic Concepts on Linguistic sets | 87 


Does there exist ling variables which is time dependent 
still their ling set is a ling continuum? 


Find a ling variables whose ling set repeats the same form 
of occurrence. 


Compare and contrast the ling variables. 
a) The weather report of a month. 
b) The speed of a car on road. 
The ling set associated with them 


For the ling variable age of persons find the related ling 
set S. 


i) Is {S, min} a semigroup? 

ii) Is {S, max} a semigroup? 

ili) Can we define {S, U} and {S, a} on S? 

iv) What are the special features enjoyed by {S, 
max}? 


For the ling variable, weight of people find the related 
ling set B. 


a) Does B dependent on time? 
b) Can we say B is a continuous set? 
c) Does B increase with time? 


d) Can we define {B, max} and {B, min} on B? 
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12. 


13. 


e) 


g) 


h) 


Is {B, max} the same as {B, VU}? Justify your 
claim! 


Is {B, min} the same as {B, M}? Substantiate 
your answer. 


Can the graph of B be constant at an interval on 
the ling axis? 


Compare this ling set B with the ling set S of 
age. 


Let the ling variable be the colour of the eyes of people 
internationally. Let C be the ling set associated this ling 


variable. 


a) 
b) 


c) 
d) 


Is C is a finite or infinite set? 


Can C be a partially ordered set or a totally 
ordered set or neither? Substantiate your claim. 


Does {C, min} a ling semigroup? 


What is the largest cardinality of C? 


Let V be ling variable associated with the yield of paddy 


plants. Let D be the ling set associated with the ling 


variable V. 

i) Is D a totally ordered set? 

i) Can we say D is at least a partially ordered set? 
iti) Is D of infinite cardinality or finite cardinality? 
iv) Compare this D with the ling set C given in 


problem 12. 


14. 


vi) 


vii) 


Basic Concepts on Linguistic sets | 8&9 


Compare and contrast this D with the ling set B 
given in problem 10. How do they differ from 
each other? 


Compare this ling set D with the ling sets given 
in problem 9. 


Is D time dependent or time independent? 


Let V be a ling variable and S the associated ling set for 


the ling variable V. P(S) be the ling power set of S. 


i) 


What is the ling algebraic structure enjoyed by 
{P(S), A}? 


Describe the ling algebraic structure enjoyed by 
{P(S), min}. 


Does the {P(S), 4} and {P(S), min} identical or 
distinct? Substantiate your claim. 


What is the ling algebraic structure enjoyed by 
{P(S), max}? 


Prove {P(S), U} is a ling monoid! 
What is the ling identity of (P(S), U}? 


Is ling algebraic structure of {P(S), U} the same 
as {P(S), max}? 


Can we prove {P(S), U, O} is a ling semiring? 


Find the linguistic semilattice {P(S), U}. Is it 
under inf or sup? 


Can we prove {P(S), max, min} is a ling 
semiring? 
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x1) Is {P(S), A} a ling semilattice under inf? 


X11) Is the ling lattice {P(S), U, A} a distributive 
ling lattice? 


xll1) Prove {P(S), U, M} is a Boolean algebra. 


XIV) Prove every ling element or ling subset in P(S) 
is ling complemented. 


XV) Will every ling sublattice of {P(S), U, A} be a 
ling Boolean sublattice? Justify your claim. 


15. Let S = {si, so, s3, s4} be a ling set. P(S) its ling power set. 
a) Study questions (i) to (xv) of problem 14 for 
this ling power set. 
b) Is P(S) a totally ordered ling set? 
{S} 
£51,82,83} $4,83,S2} 
{$1,S2} {s3,S4} 


to} 
Figure 1.34 


16. 


ii) 


iii) 


iv) 


v) 


vi) 


vii) 
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Prove every element in P(S) has a unique ling 
complement. 

Find the ling complement of 

a) {S1, Sa} 

b) {ss} 

c) {si, $3, $2} and 


d) io}. 


Is the ling subsets A = {s, {s1, S2, 83}, {S2, So}, 
{sit} c P(S) a ling Boolean subalgebra of 
P(S)? Justify your claim! 


Is B= {{8i, So}, {i}, {82}, {OF} C P(S) a ling 
Boolean subalgebra of P(S)? Prove! 


Is D = {{s2, $3, Sa}, {S2, $3}, {S2, Sa}, {83, Sa}, 
{sat, {so}, {sz}, 0} c P(S) a ling Boolean 
subalgebra of P(S)? 


What is the ling algebraic structure enjoyed by 
X= {{s}, {S1, S2, Sa}, {Si, S2, $3}, {S1, $3, Sat, {S2, 
s3, Sat} c P(S) (a) ling lattice? (b) ling 
semilattice (c) ling Boolean subalgebra. Justify 


your claim! 


Is {{S1, S2, Sa}, {S2, $3, Saf, {S2}, {S3}, {Sat} S 
P(S) a ling sublattice of P(S)? 


a. Give an example of a ling semilattice order of 10 under 


sup. 


b. Give an example of a ling semilattice of order 10 under 


inf. 
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17. Compare the ling semilattices obtained in problems 16 
(a) and (b). 


18. Give an example of a ling modular lattice that is not 
distributive. 


19. Is this ling lattice given in the following figure 


distributive? 
1 
a 
a2 
as 
a3 
a4 
a6 
a7 ag 
0 


Figure 1.35 


Does L satisfy modular law? 


b) Is this ling sublattice modular or distributive? 


Prove your claim. 
a6 


a7 ag 


0 
Figure 1.36 


d) 


Basic Concepts on Linguistic sets | 93 


Is this ling sublattice modular or distributive or 


neither? Prove your claim. 
a 
a2 


as 
a3 


a4 


Figure 1.37 
1 


al 


Figure 1.38 


Is the ling sublattice given by F distributive or 
modular or both? 

Can we say F is a ling chain lattice? 

Prove or disprove F is the longest maximal ling 
chain of L! 
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20. 


21. 


22. 


iv) How many such maximal ling chains L has? 
v) Obtain any other interesting property enjoyed by 
ee 


Define ling complements of a ling lattice. 


Can a ling chain lattice have complements? Justify your 


claim. 


Find the ling complements of the following ling lattice L. 


Figure 1.39 


a) Is the ling complement of any aij €¢ L unique? 


(1 <i< 6) Justify your claim. 
b) Can we say L satisfies distributive identity? 
c) Will L satisfy the modular identity? 


d) Can we say L is not a Boolean algebra? Prove It! 


23. 


24. 


25. 


26. 


2h 
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| 


Figure 1.40 
L; is a ling lattice. 
a) Is Li a ling complemented lattice? 


b) How is the L; different from the L given in problem 
(22)? 


Prove C = C,xC,xC,xC,xC, is a ling Boolean 


5—times 


algebra L of order 2°. 


Prove P(S) a ling power set of S; |S] = 5 is a ling Boolean 
algebra B of order 2°. 


Prove L is isomorphic B as ling Boolean algebras. 


Is the given ling lattice a semiring? Justify your claim. 
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1 
b 
e 
iv c 
d 
10} 


Figure 1.41 


28. Is the given line lattice L given by the following figure a 


semiring. Prove your claim. 


Figure 1.42 


29. Is the lattice P given in the following figure a semiring? 
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Figure 1.43 
Justify your claim. 


30. Let L bea ling lattice B given by the following figure will 


B be a semiring? 


Figure 1.44 


Justify your claim. 
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31. 


32. 


33. 


34. 


35. 


Let S = Z°[x] be the polynomial ring Z° = Z*U {0}. Prove 


{S, +, x} 1s a semiring of infinite order. 


Is P=Z°x Z° x Z° = {(x, y, z} / x, y, z € Z°} a semiring 


of infinite order under componentwise addition and 


product? 
1 
If C.= is a line lattice. Prove or 
0 
Figure 1.45 


disprove B = C2 x C2 x C2 x C2 x C2x Co is a semiring. 


Can we say for any set S, P(S) its power set is a semiring 


under VU and m? 
Define a sublattice of a lattice L. 


a) Can we say for the modular lattice L all its 


sublattices will be modular 


b) Prove or disprove this in case 


1 


0 


Figure 1.46 
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36. Find all sublattices of order greater of the lattice L given 


in figure. 


0 
Figure 1.47 
a) Does L contain modular sublattice? 
b) How many modular sub lattices does L contain? 


c) Is L modular? 


d) Prove L has a sublattice which is not modular. 
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37. 


e) How many sublattices of L are Boolean algebra 
of order 4? 
f) Can L have a sublattice of order 8 which is a 


Boolean algebra? 


g) How many maximal chains does L contain? 
h) What is the length of the maximal chain? 
1) Is P= 
aie 
a13 
a3 
0 


Figure 1.48 


a modular sublattice of L. 


) Does L_ contain elements’ which are 


complements (of course other than 0 and 1). 


Let L be a lattice given by the following example. 
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1 
a a2 
Le = a3 a4 
as a6 
0 
Figure 1.49 
a) Does L have sublattices which are modular? 
b) Is L a distributive lattice? 
Cc) Prove or disprove L has only 2 maximal chains. 
d) Can L has complements other than (0 and 1)? 
e) What is the complement of a¢? 
f) What is complement of a1? 
g) Can the complements of L be unique? 


38. Obtain any other special properties associated with ling 


lattices. 


39. Is the lattice L given in problem 37 distributive? 
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40. 


1 
a6 
a3 
a4 
0 


Figure 1.50 


i) Is it a modular lattice? 

i) Can L have sublattices which are distributive? 
iii) Find the complement of a¢ (does it exist). 

iv) Find the complement of a2. 


Let S = {good, bad, best, worst, very good, fair, just bad, 
just good, just fair, very bad} be the ling set associated 
with the ling variable performance of students in a 


classroom. 

a) Prove {S, min, max} is a ling semiring. 

b) If P(S) be ling powerset of S disprove or prove 
{P(S), min, max} = M is a ling Boolean 
algebra. 

c) Prove {P(S), U, M} is a ling semiring. 


d) Is every Boolean algebra a semiring? 


41. 


42. 


43. 


44. 
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Can every semiring be a Boolean algebra? Justify your 
claim. 


Is every chain lattice a semiring? 

Prove or disprove all semirings are not chain lattices. 
Enumerate all interesting properties about 

1) ling semiring 

ii) ling lattices and 


ili) ling chain lattices. 


Chapter Two 


LINGUISTIC TOPOLOGICAL SPACES AND THEIR 
PROPERTIES 


In this chapter, we for the first time define, describe and 
develop the new notion of linguistic topological spaces using 
subsets of a linguistic set associated with the linguistic variable. 


We recall the definition of topological spaces from [16]. 


Definition 2.1. Let X be a non empty set. A class T of subsets of 
X is called a topology on Xif it satisfies the following two 


conditions. 
i) The union of every class of sets in T is a set in T. 
ii) The intersection of every finite class of sets in T 


is in T. 


A topology on X is thus is a class of subsets of X which is 
closed under the operations of arbitrary unions and finite 


intersections. 
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Thus a topological space consists of two objects: a non 
empty set X and a topology T on X. The sets in the class T are 
called the open sets of the topological space (X, T) and the 


elements of X are called points. 
We provide examples of them. 


Example 2.1. Let X be a non empty set. Let the topology t be 
the collections of all subsets of X including X and 6. 


Thus (X, t) is a topological space called the discrete 


topological space. 


The following example gives the extreme form of the 


topological space described above. 


Example 2.2. Let X be a non empty set, T = {X, o} be the 
subsets of X. X is a topological space which is opposite extreme 


case of the example 2.1. 
Example 2.3. Let X = {(0, ©)} be the continuum of reals. 


T = {collection of all open intervals of (0, 0)}. We see 


{X, T) is a topological space of infinite order. 
If x = (5, 20) and y = (3, 26) € T then 
xy =(5, 28) A (3, 26) = (5, 26) and 
x Uy =(5, 28) U (3, 26) = (3, 28). 


This is the way operations are performed on the subsets 
of (0, 00); that is on P((0, 2)). 
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We proceed onto give one more example. 
Example 2.4. Let X = {a, b, c, d} be a set of order four. 


T= {@, {a}, {a, b}, {a,c}, ta, d}, {a, b, c}, fa, c, d}, {a, b, dj, 
{a, b, c, d} = X}. {X, T} is a topological space of order 9. 


Now having seen the concept of topological spaces we 
now proceed onto define ling topological spaces associated with 
a ling variable V. 


Example 2.5. Let us consider the interval; I = (0, 1). The 
subintervals of I denoted by B = {(a, b) / 0 <a, b < 1} be the 
collection of all open subintervals of I. 


We see (B, T) is a topological space of open intervals, 
where if x = (0.3, 0.6) and y = (0.75, 0.9) in B then 


xy =(0.3, 0.6) A (0.25, 0.9) = (0.3, 0.6) € B 
and xUy =(0.3, 0.6) U (0.25, 0.9) = (0.25, 0.9) e B 
Hence our claim. 


Now before we proceed onto define subspaces of 
topological spaces. We define the new concept of linguistic 
topological spaces. Just before we define ling topological spaces 


we proceed onto provide a few examples of them. 


Example 2.6. Let V be a linguistic variable associated with 


height of people. 


Let S = {very tall, just tall, tall, short, very short, shortest, just 
short, medium, just medium} be the ling set associated with the 
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ling variable V. P(S); be the powerset of S. S and o be elements 


in P(S) t = P(S) under U and 1 is closed. 


Thus (S, Tt) is a topological space defined as the linguistic 


topological space of finite order. 


Example 2.7. Let V be the ling variable associated with the age 
of people. Let S = [youngest, oldest] be the linguistic 


continuum. 
We can have three types of ling topological spaces. 


If t1 = {collection of all subsets of S including S and o} then 
(S, t1(U, A)) is a ling topological space as for all A, B € 1 both 
Ao BandA UB e€ tt, infact finite intersection of ling subsets 


and union of ling subsets from 7 is in t; referred as tT (U, A). 
Next consider 


t = {[4,4,] /2,, ¢,¢€ [youngest, oldest] be the 


collection of all closed ling intervals of [youngest, oldest]}. 
We define operations on 72 as follows. 
If A= [ai, a2] and B= [by, bz] € t2 
where a1, a2, bi, bo € [youngest, oldest] = S. 
Clearly S is a totally ordered set. 
Further min {ai, a2} = a1, max {aj, a2) = a, 
min {bi, b2} = b; and max {bi, b2} = bo. 


Suppose min {aj, bj} = a; and min {az,b2} = bz then 
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min {A, B} = min{[ai, az], [bi, b2]} 
= [min {a1, bi}, min {az, b2}] 
= [a1, bo] € 7. 
max {ai, b1} = bi, max {a2, b2} = az. 
Thus max{A, B} =max {[a1, a2], [bi, b2]} 
= [max {a, bi}, max {az, bo}] = [bi, a2} € T 


Hence {S, t2 (min, max)} is a ling topological space under min, 


max operations. 


Let t3 = {collection of all open intervals of S = [youngest, 
oldest]} = {(a, b)/a, b € S = [youngest, oldest]}. 


Let A = (a1, a2) and B = (bi, bz) be two ling open intervals 


of t3, where ai, a2, bi, bz € S = [youngest, oldest]. 
We know min {a, a2} = a1, max {a1, a2) = ar. 
min {b1, b2} = bi and max {b1, b2} = bz, min{a1, bi} = bi, 
max {b2, b2} = bz, max {a1, b:} = a; and min {az, bz} = az. 
Now min{A, B} = min {(a1, a2), (bi, b2)} 
= (min {ai, bi}, min {az, b2}) = (bi, a2) € 73. 
max {A,B} =max{(a1, az), (bi, b2)} 


= (max {a, b}, max {ao, b2}) = (a1, bz) € 3. 
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Thus {S, t3 (min,max)} is a ling topological space of open ling 


intervals. 


All the three ling topological spaces are different and 
distinct. 


Next we provide yet another example of ling topological 
space. 


Example 2.8. Let V be the ling variable associated with the 
colour of the eyes of internationals. The ling set S associated 
with V is given by 


S = {black, blue, green, amber, brown, light brown, dark 
brown}. Let P(S) be the power set of S. 


t = P(S) is closed under both the operations U and m. 
Infact (S, t) is a ling topological space of finite order. 


Definition 2.2. Let V be a ling variable. S be a ling set 
associated with the ling variable V. Suppose +t, be the 


collection of ling subsets of S such that if A, B € t,then A UB 


and A 1 B are in t, and further both S and @are in %,. 
We define the pair (S, t,) as a ling topological space. 


We have illustrated these by several examples. 


However if instead of the ling set S and t,just the 
collection of ling subsets satisfying conditions if we take S to be 
a ling continuum that is the ling variable V leads that to the ling 
set which is a ling continuum then we can define open or closed 
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ling intervals on these ling continuum and on these class of 
open or closed ling intervals t; or t2 respectively of the ling 
continuum we can define max and min operations so that the 
ling continuum §S together with 1; or t forms ling topological 


spaces denoted by {S, t1 (min, max)} and {S, t2 (min, max)}. 
However we wish to record the following facts. 


1) We in case of ling topological spaces get ling 
topological space only depending on the ling 
variable V under consideration. 


Thus there are several ling topological spaces depending 
on the underlying ling variable. 


ii) All the ling variables in general will not yield a 
ling continuum, as the ling set associated with it. 
Only some of the ling sets will be a ling 
continuum, some can be just finite ling sets S 
where the ling set S cannot be even a partially 
ordered set, where as some of the ling sets can be 
just partially ordered sets and some of them can 
be totally ordered sets. 


So all ling variables will not yield ling continuum as the 
ling set associated with it. 


However we have several ling topological spaces only 
depending on the ling variable under study. 


Now if the ling variable results in a ling set which is a 
ling continuum then we see we can build three different types of 
ling topological spaces. However with just ling sets which are 
not ling continuum; we have defined and given examples of 
only one type of ling topological spaces using class of subset of 
the ling set under consideration. 
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Now having seen examples of just topological spaces and 
ling topological spaces we proceed onto define the notion of 
subspaces or to be more specific topological subspaces and 
describe them by examples. 


Definition 2.3. Let (X, 9 be a classical topological space. Y be 
a non empty subset of X. We define Y is a topological subspace 
of X if Y itself under the topology t of X is a topological space, 
that is (Y, 1) is a topological space. 


We however will give a modified form of this definition 
once we succeed in defining the notion of metric on ling spaces 
and so on. 


Now as an immediate examples we have the following. 


Example 2.9. Let S = {a, b, c, d, e, f} be a set. 


P(S) = {, {af, {b}, {c}, ..., {f}, ta, b}, {a,c}, ..., te, ff, {a, b, 
c}, {a, b, d}, ..., {d, e, f}, {a, b, c, d}, {a, b, c, e}, ..., {c, d, e, 
f}, {a, b, c, d, e}, {a, b, c, d, ft}, ..., {b, c, d, e, f}, {a, b, c, d, e, 
ft}=S}=t 


be the class of subsets of S. (S, t) is a topological space under 
the topology of sets of finite intersection and arbitrary unions of 


subsets are in T. 
Suppose t' = {{}, {a}, {a, b}, {a,c}, fa, b, cf, {a, b, d}, 


{a, b,c, d}. {a, b,c, e}, {a, b, c, d, e}, {a, b, c, d, f}, S = {a, b, c, 
d,e,f}} ct 


is such that (S, t’) is a topological subspace of (S, t). 


Infact we can have several such topological subspaces of 
the topological space (S, t). However as we have not defined a 


metric or distance so far on ling sets we give a crude form of 


112 | Special Subset Linguistic Topological Spaces 


definition of ling topological subspaces as one given earlier in 
2.34. We provide examples of them. 


Example 2.10. Let V be the ling variable associated with 
performance aspects of workers in a company. S be the ling set 
associated with V given by 


S = {good, bad, very good, very bad, just bad, very fair, fair, 
just fair}. 


Clearly o(S) = 8 and infact S is a totally ordered set; 
t, = P(S) be the collection of all ling subsets of S. We see {S, 


t, } is a ling topological space. 
Consider the subsets collection 
t= {o, {good}, {bad}, {fair}, {good, bad}, {good, fair}, {fair, 
bad}, {good, bad, fair}}. 
We see {S, 1’, } is a ling topological subspace of (S, 1). 
We provide yet another example of the same. 


Example 2.11. Let V be the ling variable associated with the 
weight of people. Let S = [lowest weight, highest weight] be the 
ling continuum associated with the ling variable V. 


Let T = {(a, b)/a, b € S be the collection of all ling open 
intervals of S. T is closed under the operations min and max. 


Thus {S, T(min, max)} is a ling topological space of 
infinite order. 


Consider P = [medium weight, high weight] c S 
= [lowest weight, highest weight]. 
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Let T’ = {(a, b)/a,b € P} CT. 
(P, T’ c (S, T(min, max)) is a ling topological subspace of 


? (min,max) 


S. 


Now having seen examples of ling topological subspaces 
we now proceed onto define special type of ling topological 
spaces which we call as special subset ling topological spaces. 


We will illustrate this situation by some examples. 


Example 2.12. Let V be the ling variable which studies the 
performance aspects of students in a class room. 


Let S = {fair, good, best, just good, bad, very fair, just 
fair, very bad worst} 


be the ling set associated with the ling variable V. 


Let t = P(S) = {collection of all subsets of S including S 
and the empty set @}; powerset of S. 


For A, B € P(S) we define min{A, B} and max{A, B} as 
follows. 


Suppose A= {good, best, just, good, bad, fair} and 
B = {very bad, fair, good} € P(S). 


We find min{A, B} = min{{good, best, just good, bad, fair}, 
{fair, good, very bad} } 


= {min{good, good}, min{good, fair}, min{good, very bad}, 
min {best, good}, min {best, fair}, min {best, very bad}, min {just 
good, good}, min{just good, fair}, min{just good, very bad}, 
min{bad, good}, min{bad, fair}, min{bad, very bad}, min {fair, 
very bad}, min {fair, fair}, min {fair, very bad} } 


= {good, fair, very bad, just good, bad} ..I 
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Clearly min{A, B} € P(S) max{A, B} = max{good, best, just 
good, bad, fair}, {very bad, fair, good} } 


= {max{good, very bad}, max {good, fair}, mad{good, good}, 
max{best, very bad}, max{best, fair}, max{best, good}, 
max {just good, good}, max{just good, fair}, max {just good, 
bad}, max{bad, very bad}, max{bad, fair}, max{good, bad}, 


max {fair, very bad}, max {fair, fair}, max {fair, good} } 
= {good, best, just good, bad, fair} . ll 
We see max {A, B} © P(S). 


We see {P(S), max, min} is a special subset ling 
topological space. 


We see these special ling topological are different from 
the ling topological spaces. 


It is pertinent to keep on record that even in case of 
classical topological spaces if we define special topological 
spaces they are different. This is established by the following 
examples. 


Example 2.13. Let S = {2, 4, 6, 20, 15, 18, 25, 14, 9, 19} be a 
set of integers. 


Let P(S) \ {o} be the power set of S in which the empty 
set d is deleted from P(S). 


Let X and Y be two subsets of P(S) given by 


X= {4, 20, 9, 18, 14} and Y = {25, 18, 15, 9, 19, 2}. 
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We find min{X, Y} and max{X, Y} min {X, Y} 
= {4, 2, 18, 15, 9, 19, 14} e P(S)\o | 
max{X, Y} = {25, 18, 15,9, 19, 4, 20, 144e P(S)\o. 


We see max{X, Y} and min{X, Y} are different. Further 
{P(S) \ 6, max min} is a special subset topological space of 


different type. 


However {S, t} the classical topological space is 


different from the special subset topological space as 
XO Y = {18,9} and All 
XU Y = {4, 20, 9, 18, 14, 25, 15, 2, 19} .1V 
Clearly I and IJ are different from III and IV. 


Suppose if we take S = Z or Z* or Z* U {0}, clearly 
{S, x} and {S, +} are semigroups and S is closed under x and + 


respectively. 


Then we can built yet another special type of topological 
spaces which cannot be built using ling sets or subsets of along 


Set. 


However for the sake of completeness we make a 


mention of them by an example. 


Example 2.14. Let S = {Z* U{0}} be the set of positive integers 
P(S) be the collection of all subsets of S including S and 9. 


We define x and + on P(S) as follows. 
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Let A= {3, 5, 9, 2, 20, 18, 1} and B= {0, 1, 6, 10, 15, 7, 8, 9} 
be two proper subsets of P(S). 
Ax B= {3,5, 9, 2, 20, 18, 1} x {0, 1, 6, 10, 15, 7, 8, 9} 


= 40, 3, 18, 30,45, 21,24, 275,50, 75,35, 40,9, 43, 90, 
135, 63, 72, 81, 2, 12, 20, 14, 16, 120, 160, 200, 140, 180, 108, 
270, 126, 144, 162, 1, 6, 10, 15, 7, 8} ee 


Now A+ B= (3, 5, 9, 2, 20, 18, 1} + {0, 1, 6, 10, 15, 7, 8, 9} 


= 43) 4,9..135/ 18, 10, 11,12,5.6515,20;, 1451924, 16.-17,.2, 
8, 21, 26, 30, 35, 27, 28, 29, 33, 25, 1, 7} . I 


Clearly I and II are distinct. 


We see {P(S) \ {o}, +} is a closed set; it can only be a 
semigroup with {0} as its additive identity. As + operation is 


performed we see {0} = {0}. 


Now {P(S) \ {0}, x} is only a semigroup of infinite order 


which is commutative. {1} acts as its multiplicative identity. 


Thus both {P(S) \ {o}, +} and {P(S) \ {ot, x} are 


commutative monoids of infinite order. 


Thus we see under these operations + and x P(S) \ {} 
enjoys a commutative monoid structure. Infact what we need is 
if the set P(S) \ {o}; (S =Z* U {0}) is closed under these two 
operations it is sufficient for us. 
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Now we can say {S, P(S) \ {o}, +, x} enjoys a special 
type of topological structure which we choose to call as special 


subset topological spaces. 


We call it special as the two operation + over x are not 


distributive in general. 


For if A, B, C € P(S) then A x (B + C) =A x B+A x C may 
not hold good. 


Take A = {3, 5}, B= {4, 1} and C= {9, 10} © P(S) \ {6}. 
We find out if Ax (B+C)=AxBt+AxC, 
Consider A x (B + C) = {3, 5} x ({4, 1} + {9, 10}) 
= {3, 5} x ({13, 10, 14, 11}) 
= {39, 30, 42, 33, 65, 50, 70, 55} seul 
Clearly o(A x (B + c)) =8. 

Consider Ax B+ Ax C 

= {3,5} x {4, 1} + {3, 5} x {9, 10}. 

= {12, 3, 5, 20} + {27, 30, 45, 50}. 

= {39, 30, 32, 47, 42, 33, 35, 50, 57, 48, 65, 
62,.53;:55,./0} fool 

o(A x B+ Ax C) = 15. 

However A x (B+C)#AxB+AxC. 


Hence the + operation on P(S) \ {} does not distributive 


Over xX. 
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So only we define the topological space with + and x 
defined over P(S) \ {} as a special subset topological space of 


infinite order. 


We have several such type of special subset topological 


spaces which are illustrated by the following examples. 


Example 2.15. Let Z be the set of integers P(Z) be the power set 
of Z. Take P(Z) \ {b}; {P(Z) \ {o}, +} and {P(Z) \ {0}, x} are 
infinite commutative monoids with identities {0} and {1}. 


However it can be easily verified + does not distributive over x. 


Thus P(Z) \ {0} gives way to the special subset 
topological space of infinite order. 


Example 2.16. Let Q be set of rationals P(Q) be the power set 
of Q {P(Q) \ {}, x, +} is a special subset topological space of 


infinite order. 


Example 2.17. Let R be the reals P(R) the powerset of R. 
{P(R) \ {, +, x} is a special subset topological space of infinite 


order. 
Infact we have {P(Z) \ {o}, +, x} c {P(Q) \ {o}, +, x} 
c {P(R) \ to}, +, x} S {P(C) \ {oO}, +, x} 


are 4 special subset topological spaces such that they form a 


chain of special subset topological spaces. 


In fact we can say {P(Z) \ {0}, +, x} is a special subset 
sub topological space (topological subspace) of {P(Q) \ {o}, +, 
x}, {P(R) \ {o}, +, x} and {P(C) \ {0}, +, x} what do we term 
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as special subset topological subspaces, we define it in a crude 


way. 


Definition 2.4. Let {P(S) +, x} be a special subset topological 
space. We say a proper subset V of P(S) is a special subset 
topological subspace of V if {V, +, x} itself under the operations 
of P(S) is a special subset topological space of P(S). 


For a given special subset topological space we may have 
several subset special topological subspaces. 


We will illustrate this situation by some examples. 
Example 2.18. Let {P(C) \ {b}, +, x} be a special subset 


topological space. We see {P(Z* U {0}) \ {o}, +, x}, {P(Z) \ 


{o}, +, x}, {P(Q)\ tO}, + x}, {PCR) \ {0}, +, x}, {P(Q™ LY {0}) 
\ {po}, +, x}, {P(R* U {0} \ {o}, +, x}} are some of the special 
subset topological subspaces of {P(C) \ {o}, +, x}. 


All these subset special topological spaces so far given by 


us are only of infinite order. 


Now we proceed onto describe some special subset 
topological spaces of finite order. 


We will illustrate this situation by some examples. 


Example 2.19. Let Z3 be the ring of modulo integer mod3. 


P(Zs) = {{O}, {O}m {1}, {2}, {1, 2}, (0, 2}, {1, O}, {1 2, OF. 
{P(Z3) \ {o}, +, x} is a special subset topological space of order 
qi 
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Example 2.20. Let Zo = {1, 2, 3, 4, 5, 0} be the set of modulo 
integers mod 3. {P(Z>s) \ {ob}, +, x} is a special subset 
topological space of order 63. 


Consider 
A= {2, 4, 0}, B= {1, 3, 5, 2} and C = {5, 4} © P(Ze) \ {0}. 


We will check if the distributive law is true in case of this 
A, B,C. 


Consider A x (B + C) = {2, 4, 0} x ({1, 3, 5, 2} + {4, 5}) 
= {2,4, 0} x {5, 1, 3, 0, 2,4} = {4, 2,0} ...1 


AxB+Ax C= {2, 4, 0} x {1, 3,5, 2} + {2, 4, 0} x {5, 4} 
= {2, 0, 4} + {4, 2, 0} = {4, 2, 0} sell 
So I and II are equal so the distributive law is true for this triple. 
Let A= {1,2,5,3}, B= {1, 3, 4} and 
C= {5, 3, 0} © P(Zo) \ {o}. 
Ax (B+C)= {1, 2,5, 3} x ({1, 3, 4} + {5, 3, 0}) 
= {1, 2,5, 3} x {0, 4, 1, 2, 3} 
= {0, 4, 1, 2, 3, 5} well 
AxB+t+AxC = {1, 2,5, 3} x {1, 3,4} + 
{1.2.5,3) 10,350) = {12,553.04} 
1455452; 3) 0} = {1 225, 37 0,4} fll 


Land IJ are identical. 
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We leave it for the reader prove or disprove the validity 
of the distributive law in the case of {P(Zn) \ {0}, +, x}, the 


special subset topological space of finite order. 


Having seen examples of both special subset topological 
spaces of finite and infinite order we see we have infinitely 


many subset special topological spaces of finite order. 


We see all the special subset topological spaces which we 
constructed are both associative and commutative; however we 


say they may or may not satisfy the distributive laws. 


We provide one or two examples of non commutative 


special subset topological spaces. 


Example 2.21. Let M = {collection of all 2 x 2 matrices with 
entries from Z or Q or C or R or Zn; 2 < m < «} be the set 


under consideration. 


Let P(M) be the power set of M, {P(M) \S {0}, +} be the 
commutative monoid of infinite or finite order depending on the 
fact where the entries are taken from {P(M) \ {o}, x} is a non 


commutative monoid of infinite order. 


0 0 
For {P(M) \ {}, +} the subset ( a acts as the additive 


0 0 
identity where as for {P(M) \ {}, x} the subset ( ; } acts 
as the multiplicative identity. 


Thus {P(M) \ {ob}, +, x} is a special type of subset 


topological spaces or in short special subset topological spaces. 
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For more about special subset topological spaces refer [WBV + 
FS]. 


Since our aim is to build special subset ling topological 
spaces and show how this same concept exist in case of classical 
spaces. As + and x cannot be defined we are forced to define 
only max and min for U and 1 will yield only linguistic 
topological spaces which will not be special subset topological 


spaces. 


Now translate this to the case of special subset linguistic 


topological spaces. 
We first illustrate this situation by some examples. 


Example 2.22. Let us consider the ling variable V age of 
people. Suppose S = [youngest, oldest] be the ling continuum 


associated with the ling variable V. 


a, a, 


Let M ( Jia e€ S=[youngest, oldest]; 1 <i <4} 


3 4 


be the collection of ling matrices of 2 x 2 order. 


Clearly {M, min, max} is a ling topological space of 


infinite order as cardinality of M is infinite. 
Now consider P(M) the power set of M. 


We see {{P(M) \ {od}, min max} is a special subset 


topological space of 2 x 2 ling matrices. 
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However for the set P(M) if are define min, max min 
operations we see {P(M) \ {o}, min, max min} is a non 


commutative special subset ling topological space. 


We first show that for the same M defined in example 


{M, min, max min} is anon commutative ling topological space 


of matrices. 
l old 
Let A= aie : and 
| justold middleage 
| middlea 
B= a ee eM. 
[| old old 
We define 


; _ | young old 
max {min{A, B}} = max{min ; 


justold middleage 


middleage young 4 
old old 


max {min{young, middleage}, 
min {old, old} } 
max {min {just old, middle age} 
min {old, middleage} 


max {min{young, young}, 
min {old, old} 
max {min {just old, young}, 
min {middle age, old} } 
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| maxfyoung,old} max {young, old} 


= | max {middle age, max {young, 


middleage} middleage} 


| old old 
| middleage middleage 


Consider max {min {B, A}} 


middleage a fas old | 


= max {min 
old old 


justold middleage 
max {min{middleage, young}, 
min {young, just old} } 


max {min {old, young}, min 
{old just, old} } 


max {min{middleage, old} 
min {middle age, middle age} } 
max {min{old, old}, 
min {old, middleage} 


_| young middleage 
Just old old 
Clearly I and II are distinct. 
Hence max {min{A, B}} #max{min{B, A}}. 


Thus {M, min, maxmin} is a linguistic topological space 


which is non commutative. 
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We now we prove {M, min min max} is also a non 
commutative linguistic topological space of infinite order. 


Consider min {max {A, B}} 


young old middleage young 
old old 


= min {max : ; 
justold middleage 
| min{max{young,middleage}, min{max{young, young}, 
max {old, old} } } max {old, old}} 
min {max {just old, middleage}, min {max {just old, young} 
max {middleage, old} max {middleage, old} } 


7 | min{middleage,old} min{young, old} 
| min{justold,old} min {justold,old} 


_ | middleage young I 

| justold justold oe 
min{max {B,A} 

; middleage young young old 
= min{max >|. Z }} 
old old justold middleage 

| min {max {middleage, young} min {max {middleage, old} 

7 max {old, just old} max {young, middle age} } 
min {max {old, young}, min {max {old, old}, max 
max {old, just old} } {old, middleage} 

| min {middleage, min {old, 
= old} middle age} 

| min{old,old} min{old,old} 
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. I 


_|middleage middleage 
old old 


Clearly I and I are not equal, hence {M, min, min max} 
is a non commutative linguistic topological space of 2 x 2 
matrices. 


Now having seen examples of non commutative linguistic 
topological spaces we proceed onto develop and describe 
special subset of non commutative linguistic topological spaces 
by examples both of finite and infinite order. 


At the outset we first provide examples of non 
commutative linguistic topological spaces of finite order. 


Example 2.23. Consider the linguistic variable V performance 
aspects of 10 students in the classroom. 


The linguistic set associated with the linguistic variable V be 


S = {good, fair, bad, very bad, best, very good, just good, just 
fair}. 


Clearly S is a totally ordered set and the total order is given by 
very bad < bad < just fair < fair < just good < good < very good 
< best. 


Now let M = {collection of all 2 x 2 linguistic matrices 
with entries from S} 


a b 
-(( Jinbedes: 
c d 


Now {M, min} is a ling semigroup of finite order which 
is commutative. 
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; good _ best bad best 
For if A= . dB= € 
bad fair very good very bad 
: : good best bad best 
min {A, B} = min { pall 
bad fair very good very bad 


2 min {good, bad} min {best, best} 
min{bad, very good} min {very bad, fair} 


i best 


. Clearly min{A,B} 
bad verybad 


= min{B,A} as we know min {s, s2} = min{sz, si} as every term 
or component in this linguistic matrix is commutative hence the 
fact min{A, B} = min{B, A}. 


Now we find min max {A, B} 


inf ‘ good best bad best 4 
min {max ; 
bad fair very good verybad 


min {max {good, bad}, min {max {good, best}, 
max {best, very good} } max {best, very bad} } 
min{max{bad,bad} min{max {bad, best}, 
{fair, very good} } max {fair, very bad} } 


_ | min{good,best} min {best, best} 
| min{bad, very good} min {best, fair} 


_ (good best I 
bad fair ~ 


Consider min {max {B, A}} 
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bad best good best 
verygood verybad)’ \ bad _ fair 


= min {max { 


min {max {bad, good}, max[best, bad} } 
min {max {very good, good}, max {very bad, bad} 


min {max {bad, best}, max {best, fair} ] 
min {max {very good, best}, max {very bad, fair} 


= | min{good, best} min {best, best} 
| min{very good, bad} min {best, fair} 


2 | good best 
| bad fair , 


We see this pair is commutative. 
We will provide some X and Y € M with 


min{max{X, Y}} #min{max {Y,X}}. 


; bad = good fair bad 
Consider X=] _. = = 
fair very bad best good 
: ’ bad good 
min{max{X, Y}} =min{max{] |. , 
fair verybad 


fair bad 4 
best good 
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min {max {bad,fair}, | min{max {bad, bad}, 
max {good, best} } max {good, good} 

min {max {fair, fair}, | min{max {best, good}, 

max {best, very bad}}' max {good, very bad} } 


7 ee min {bad, se _ bad 


min {fair, best] min {best, good} fair good 


min{max{Y, X}} 


fair a Ee good 


= min {max { fe good) \ fair verybad 


_ min {max {fair, bad}, max {bad, fair} } 


min {max {best, bad}, max {good, fair} } 


min {max {fair, good}, max {bad, very bad} } 
min {max {best, good}, max {good, very bad} } 


_ { min{fair,fair} min {good, bad} 
min {best, good} min{best, good} 


_{ fair — bad Il 
good good : 
I and II are not equal. 


Thus min {max {X, Y}} #min{max{Y, X}}. 


Hence {M, min, min, max} is a non commutative 
linguistic topological space of finite order of 2 x 2 linguistic 


matrices. 
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Thus we have provided non commutative linguistic 
topological spaces of both finite and infinite order. 


Now we spell out the main condition under which 
linguistic topological spaces commutative or non commutative 
of finite or infinite order. 


The linguistic set S associated with the linguistic variable 
V should be totally ordered set. 


That it is mandatory for us to define linguistic topological 
spaces (S, <) must be a totally ordered set. 


Now we proceed onto define the notion of linguistic 
topological spaces. 


Definition 2.5. Let V be a ling variable such that the linguistic 
set S associated with V is a totally ordered set. {S, min, max} is 


a linguistic topological space if ; 
i) For all s1, 52 € S; min{s,, 82 and max{s1, 82} €S. 


it) S has an element s, € S called the least element 
of S it is such that maxfs, s,}= s for alls ES so 


that {S, max} is a monoid. 


iii) S contains the greatest element sg € S such that 
{S, min} is a monoid that is minfs, sg} = s for all 


s € Sare satisfied. 


We say {S, min, max} is a finite linguistic topological 
space if order of S is finite. {S, min, max} is a linguistic 
topological space of infinite order if order of S is infinite. 


Clearly as min{fa, b} = min {b, a} and max{a, b} = 
max{b, a} for all a, b E€ S we have {S, min, max} is a 


commutative linguistic topological space. 
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Now we define non commutative linguistic topological 
spaces. 


Definition 2.6. Let V be a linguistic variable and S be a 
linguistic set associated with the linguistic variable V. To define 
a linguistic topological space basically we need S to be a totally 
ordered set. 


Now define M = {collection of all n x n linguistic 
matrices with entries from S; 2 <n < co}, {M, min, min max} 
{M, min, max min}, {M, max, min max} and {M, max, maxmin} 


are non commutative linguistic topological spaces as 
i) {M, max} is a commutative linguistic semigroup. 


ii) {M, minmax} and ({M, maxmin}) are both non 
commutative ling semigroups. 


So {M, max, min max} and all other four ling topological 
spaces are non commutative. 


If M is of finite order that is, S is of finite order so is M, 
then M will contribute to finite order non commutative 
linguistic topological spaces. 


If M is of infinite order that is, S is of infinite order then 
M will contribute a non finite order non commutative ling 
topological spaces. 


We have provided examples of them so that it is easy for 
the reader to understand them. 


Next we proceed on to describe and develop the notion of 
commutative and non commutative linguistic special subset 
topological spaces of both finite and infinite order. 
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Example 2.24. Let V be a linguistic variable describing the 
height of people. The linguistic set S associated with this ling 
variable V is a linguistic continuum given by 


S = [shortest, tallest]. 

Let P(S) be the linguistic power set of S including S and 9. 
Suppose 
A = {tall, short, very short, just tall, medium, very tall} and 
B= {9, tall, tallest, shortest, just medium, just short} € P(S). 

We find min{A, B} and max{A, B}. 
min{A, B} = min{{tall, short, very short, just tall, medium, very 
tall}, {0, tall, tallest, shortest, just medium, just short} } 


= {min {tall, >}, min{tall, tall}, min{tall, tallest}, min {tall, 
shortest}, ..., min{very tall, o}, min{very tall, tall}, ..., 
min {very tall, just short} } 


= {, shortest, just medium, just short, short, very short, just tall, 
medium, very tall} © P(S). 


Now max{A, B} = max{ {tall, short, very short, just tall, 
medium, very tall}, {0, tall, tallest, shortest, just medium, just 
short}} = {max {tall, 6}, max {tall, tall}, max {tall, tallest}, ..., 
max {very tall, o}, max {very tall, tall}, max {very tall, tallest}, 
..., Max {very tall, just short} } 


= {tall, tallest, short, just medium, just short, very short, just 
tall, medium, very tall} € P(S). 


Thus {P(S), min, max} is a special subset topological 
linguistic space of infinite order. 
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Clearly {P(S), min, max} is a commutative special subset 
topological linguistic space of infinite order. 


It is mandatory the ling set S associated with the ling 
variable for us to define a special subset linguistic topological 
space should be a totally ordered set, that is (S, <) is a totally 
order set. 


Now we proceed on to describe a special subset linguistic 
topological space of finite order by an example. 


Example 2.25. Let V be the linguistic variable associated with 
the height of some 12 children in various age groups. 


Let S = {tall, very tall, short, just short, medium, just tall, 
very short} 


be the linguistic set. These values are not arbitrary the height is 
assessed relative to age. 


Clearly the linguistic set S is a totally ordered set with the 
total order given by 


very short < short < just short < medium < just tall < tall < very 
tall. 


Let P(S) be the power set of S which includes S and 6, 
the empty linguistic set. 


Let A = {just short, short, tall, very tall, medium} and 
B = {very short, very tall, just tall, just short, medium} € P(S). 


We find min{A, B} = min{{tall, just short, short, very 
tall, medium}, {very short, very tall, just tall, just short, 
medium} } 


= {min {tall, very short}, min{tall, very tall}, min{tall, just 
tall}, min{tall, just short}, min{tall, medium}, ..., 
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min{medium, very short}, min{medium, very tall}, 
min{medium, just tall}, ..., min{medium, medium} } 


= {very short, just short, tall, just tall, medium, very tall} ¢€ 
P(S). 


Now we find max{A, B} = max{ {just short, short, tall, 
very tall, medium}, {very short, very tall, just tall, just short, 


medium} } 


= {just short, very tall, just tall, medium, short, very tall, 
medium} € P(S). 


This T = {P(S), min, max} is a special subset linguistic 
topological space of finite order which is commutative. Infact 
order of T = |P(S)| = 2’. 


Now here also to define special subset linguistic 
topological spaces of finite or infinite order it is mandatory we 
need to have the underlying linguistic set to be a totally ordered 
set. 


Next we proceed onto describe special subset linguistic 
topological space which is non commutative by examples. 


Example 2.26. Let us consider the ling variable V temperature 
of water from ice state to vapours state. 


Let S = {lowest, highest} be the ling set associated with 
V. Clearly S is a totally ordered. 


Now let P(S) be the linguistic power set of S including S 
and the empty linguistic set 0. 


Let M = {collection of all 3 x 3 linguistic matrices with entries 
from S$} 
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a be 
={ld e f|/a,b,c,d,e, f, g,h,IxS}. 
g hi 


Let us define two operations min and min max on M. 


low high low 
Consider A= | verylow justhigh high and 


low medium  veryhigh 


high low low 
B=|veryhigh high high] eM 
verylow high low 


min{A, B} 
low high low 
=min{| verylow justhigh high |, 
low medium  veryhigh 


high low low 
veryhigh high high |} 
verylow high low 


min {low, high} min{high,low} min {low,low} 
min{very low, min {just high, 
very high} high} 
; min{medium, min{veryhigh, 
min {low, very low} ; 
L high} low} 


min {high, high} 
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low low low 
=| verylow justhigh high}. 


verylow medium low 


It is easily verified min{A, B} = min {B, A}; 


thus {M, min} is a commutative linguistic semigroup of infinite 


order. 
Now for the same A and B we find 
min{max{A, B}} 
low high low 


=min{max{| verylow justhigh high |, 
low medium  veryhigh 


high low low 
veryhigh high high |}} 
verylow high low 


[ min{max flow, high}, max fhigh, very high}, 
max {low, very low}} 
min {max {very low, high}, max {just high, 
very high}, {high, very low} } 


min {max {low high}, max {medium, very high}, 


max {very high, very low} 
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min {max {low, low}, max {high, high}, 
max {low, high} } 
min {max {very low, low}, max {just high, 
high}, max {high, high} } 
min {max {low, low}, max {medium, high}, 


max {low, low} } 


min {max {low, low}, max fhigh, high}, 
max {low, low} } 
min {max {very low, low}, max {just high, 
high}, max {high, low} } 
min {max {low, low},max {medium, high}, 


max {very high, low}} 


| minfhigh,veryhigh, min{low,high, min{low, high, 
low} high} low} 
min{high, justhigh, min{low,high, min {low, high, 
very high} high} high} 
min{high,veryhigh, min{low,high, min {low, high, 
very high} very high} very high} 
low low low 
=| justhigh low low ol 


high low low 


high low low 
min{max{B, A}} =min{max | veryhigh high high |, 
verylow high low 
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low high low 
verylow justhigh high } 


low medium  veryhigh 


min {max {high, low}, max {low, 
very low}, max {low, low} } 
min {max {very high, low}, max {high, 
very low}, max {high, low} 


min {max {very low, low}, max {high, 


very low}, max {low, low} } 


min {max, {high, high}, max {low, just high}, 
max {low, medium} } 
min {max {very high, high}, max {high, 
just high} ,max {high, medium} } 
min {max {very low, high}, max {high, 


just high}, max {low, medium} } 


min {max {high, low}, max {low, high}, 
max {low, very high} } 
min {max {very high, low} ,max {high, 
high}, max {high, very high} 
min {max {very low, low}, max {high, high}, 


max {low, very high} } 
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min {high, low, min {high, justhigh, min {high, high, 


low} medium} very high} 
_ | min{veryhigh, min {very high, min {very high, 
high, high} high, high} high, high} 


; . min {high, high, min {low, high, 
min {low, high, low} ; ; 
medium} very high} 


[low medium high 
=|high high high mall 


| high medium low 


Clearly I and II are distinct hence 
min{max{A, B}} # min{max {B, A}}. 


Clearly {M, min max} is a non commutative semigroup 
of infinite order. Hence {M, min, min max} is a non 


commutative linguistic topological space of infinite order. 


On similar lines we can prove {M, max, max min} is also 


a non commutative linguistic topological space of infinite order. 


Now we will give one example of non commutative 


linguistic topological space of finite order. 


Example 2.27. Let V be the linguistic variable associated with 


the performance aspects of factor workers. 


Let S = {good, bad, fair, very bad, just bad, very fair, just fair, 
very good, best, just good, very very good} 


be the linguistic set associated with the linguistic variable V. 
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S is a totally ordered set for; 


very bad < bad < just bad < just fair < fair < very fair < just 
good < good < very good < very very good < best. 


Let P = {collection of all 2 x 2 linguistic matrices with 


entries from S} 
a b 
-\( ]isbedes! 
c d 


We show {P, max} is a commutative semigroup of finite order. 


; good fair 
For if A= a 
bad _ best 
bad _ best 
B= _ | € P, then max{A, B} 
good fair 


‘ good fair bad _ best ; 
= max ‘ ; 
bad _ best good fair 


_ {max{good,bad} max {fair, best} 
max {bad, good} max {best, fair} 


good _ best 
= eP 
good _ best 


Thus {P, max} is a commutative semigroup. 
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maxmin {A, B} = max {min{ bad best good fair 


good un) te a 


_ {max{min{good, bad} ,min {fair, good} } 
max {min {bad, bad}, min {best, good} } 


max {min {good, best} min {fair, fair} } 
max {min {bad, best}, min {best, fair} } 


7 aes a 7 fair | I 


max {bad, good} max {bad, fair} good fair 


max {min{B, A}} 


bad ea a oa 


= max {min 
bad best 


good fair 
max {min {bad, good}, min {best, bad} } 


max {min {good, good}, min {fair, bad} } 


max {min {bad, fair} , min {best, best} } 


max {min {good, fair}, min {fair, best} } 


= eae max {bad, best} 7 bad ee l 


max {good, bad} max {good, fair} good good 


I and IJ are distinct hence max {min{A,B}} #4 max {min{B,A}}. 


Thus {M, maxmin} is a non commutative semigroup of 


finite order. 
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So we claim {M, max, maxmin} is a non commutative 


linguistic topological space of finite order. 


Now we proceed onto develop and describe the notion of 
linguistic topological subspace by some examples. 


Example 2.28. Let V be the linguistic variable associated with 
age of people. S = [youngest, oldest] be the linguistic set 
associated with V. S is a linguistic continuum hence S is a 
totally ordered set. 


We know {S, max min}is a linguistic topological space 


of infinite order. 
Take P = [youngest, middle age] c [ youngest, oldest] = S. 


Now {P, maxmin} is also a linguistic topological space of 


infinite order. 


We call {P, max, min} as a linguistic topological 


subspace of {S, max, min} of infinite order. 


Consider T = {young, just young, very young, old, very 
old, middle age, oldest} € S 


is a finite subset of S but clearly is not a linguistic continuum 


but however T is a totally ordered set given by 


very young < just young < young < middle age < old < 
very old < oldest. 


Now {T, max min} is a linguistic topological space of 


finite order which is commutative. 
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Infact T < S and {T, max min} is defined as the linguistic 


topological subspace of {S, max min} but of finite order. 


This example infact let us know in case of linguistic 
topological spaces of infinite spaces we can have nontrivial 
linguistic topological subspaces of finite order as well as 


linguistic topological subspaces of infinite order. 


All these linguistic topological spaces as well as linguistic 


topological subspaces are commutative. 


We now provide one example of linguistic topological 


subspace of a non commutative linguistic topological space. 


Example 2.29. Let V be the linguistic variable associated with 
the weight of people. The associated linguistic set of V is given 


by S = [lowest, highest] which is a linguistic continuum. 


Now let M = {all 5 x 5 linguistic matrices with entries 
from S$} 


{M, min, minmax} is a noncommutative linguistic topological 


space of infinite order. 


Consider N = {collection of all 5 x 5 linguistic matrices 
with entries from P = [low, high] c S = [lowest, highest]. 


Clearly P is a linguistic continuum of infinite order. 


Infact {N, min, minmax} is a linguistic topological 
subspace of N of infinite order which is noncommutative. 


If take the set W = {low, lowest, high, very low, just low, 
just high, medium, just medium, highest, very high} c M, and 
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let B = {collection of all 5 x 5 linguistic matrices with entries 
from W} cM, 


{B, min min max} is a non commutative linguistic topological 


subspace of M and is of finite order. 


Now having seen both commutative and non 
commutative linguistic topological spaces using square 
linguistic matrices we now proceed onto define appropriate 
operations define again a new class of m x n_ linguistic 


topological spaces of matrices of any order. 


We proceed onto give some examples of them in the 


following. 


Example 2.30. Let V be a linguistic variable associated with 
age. Let S = [youngest, oldest] be the linguistic set associated 
with the linguistic variable V. Clearly S is a linguistic 
continuum. Infact S is a totally ordered set. 


a 
a 
a 

Let M= {/a, | /aie S,1<i1<7} 
a 
a 
a 


= {collection of all 1 x 7 column linguistic matrices with 


entries from S}. 
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Now define on M the two operation min and max as 


follows. 


Let A= 


old young 
young old 
just old medium 
middleage | and B=] justold 
just young just young 
old old 
young young 
| old 
young 
just old 
We define max {A, B} = max {| middleage |, 
just young 
old 
young 


max {old, young} 
max {young, old} 
max {just old, medium} 


max {just young, just young} 
max {old, old} 


max {young, young} 


eM. 


young 
old 
medium 
justold |} 
just young 
old 


young 


old 
old 
just old 
just young 
old 


young 


Thus we see {M, max} is a commutative linguistic 


semigroup. 
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We see youngest is the least element in S. 


| youngest 
youngest 


youngest 


If l= | youngest | © M; it is such that 


youngest 


youngest 


| youngest 


max {A, I} = max{I, A} =A for all A € M. 


We call, the linguistic matrix I as the identity of M under the 


max operation. 


Thus we conclude {M, max} is a commutative linguistic 


monoid of infinite order. 


Take same A and B € M, we now find 


old 
young 
just old 
min {A, B} = min{| middleage |, 
just young 
old 


young 


young 
old 
medium 
justold |} 
just young 
old 


young 
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min {old, young} | young 
min {young, old} young 
min {just old, medium} middleage 
=| min{middleage, justold} | = | middleage |. 
min {just young, just young} just young 
min {old, old} old 
min {young, young} | young 


We see {M, min} is a linguistic commutative semigroup. 


| oldest 
oldest 
oldest 
The matrix J = | oldest | ¢ M 
oldest 
oldest 
| oldest 


where the linguistic term oldest is the greatest value and we see 
for all A € M, is such that min{A, J} = A. 


So we can claim {M, min} is a commutative linguistic 


monoid of finite order. 


Thus {M, min, max} is a commutative linguistic 


topological space of infinite order. 


This will also be known as commutative linguistic 


topological space of column linguistic matrices of infinite order. 


Now we provide an example of a linguistic topological 


space of column linguistic matrices of finite order. 
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Example 2.31. Let V be the linguistic variable associated with 
weight of 20 children. 


Let S = {low, very low, high, very high, medium 
(normal), just low, just high, very medium} 


be the linguistic set associated with the linguistic variable V 
weight of children. When we give the linguistic values we keep 
in mind the approximate age of those children for which we 
have found the weight. 


Clearly S is a totally ordered set for 


very low < low < just low < very medium < just medium 
< just high < high < very high. 


Now let N = {collection of all 6 x 1 column linguistic 


a 
b 
c 
matrices with entries from S} = { d /a,b,c,d,e, fe S}. 
e 
[f 
[ low [| high 
high very high 
just low low 
Let A= and B= 
low low 
high medium 
| very high | very low 


be two ling column matrices in N. 


Linguistic Topological Spaces and their properties | 149 


We calculate min {A, B} 


low [| high 
high very high 
; just low low 
= min{ 5 } 
low low 
high medium 


| very high | | verylow 


min {low, high} low 
min {high, very high} high 
_ min {just low, low} _ | low 
7 min {low, low} | low 
min {high, medium} medium 
| min {very high, verylow} | very low 


Clearly min{A, B} € N. 


We see S is a totally ordered set so has the greatest and 
the least element very low is the least element and very high is 


the greatest element. 


[ very high 

very high 

very high ie as akate at 

If I = ; EN is a linguistic matrix such that 
very high 

very high 


| very high 
min{A, I} = A for all A e N. 
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Thus we conclude {N, min} is a finite linguistic monoid 
which is commutative {N, min max} is a finite commutative 


linguistic topological space of linguistic column matrices. 


It is important to note that for one to define a 
commutative linguistic topological space of linguistic column 
matrices finite or infinite order it is mandatory that the 
underlying linguistic set S on which the linguistic matrices are 
built must be a totally ordered set. 


With this in view we have the following result. 


Theorem 2.1. Let V be a linguistic variable, S the linguistic set 
associated with V (S can be a infinite continuum or if S is a 
finite set it should be totally ordered). 


M = {collection of all n x 1 linguistic column matrices with 
entries from S}. Then {M, min max} is a commutative linguistic 
topological space of n x 1 matrices (finite if |S| < 0 and infinite 


if S is a linguistic continuum). 
Proof is left as an exercise to the reader. 


Next we proceed onto give examples of linguistic 


topological spaces of linguistic row matrices. 


Example 2.32. Let V be the linguistic variable associated with 
the height of people. Let S = [shortest, tallest] be the linguistic 


continuum (set) associated with V. 
Let P = {(ai, a2, ..., a9) /ai e S; 1 <1<9} 


= {collection of all 1 x 9 linguistic row matrices with entries 
from S$}. 
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Define on P the operation min as follows; let 
A = (tall, just fall, short, very short, tall, very tall, short, tall, 
short) and 


B = (short, medium height, very short, tall, just short, tall, short, 
just tall, short) € P. 


We now find min{A, B} = min{(tall, just tall, short, very 
short, tall, very tall, short, tall, short), (short, medium height, 
very short, tall, just short, tall, short, just tall, short)! 


= (min(tall, short), min(just tall, medium height), min(short, 
very short), min(very short, tall), min(tall, just short), min(very 
tall, tall) min(short, short), min(tall, just tall), min(short, short)} 


= (short, medium height, very short, very short, just short, tall, 
short, just tall, short) € P. 


Clearly it can be easily verified min{A, B} = min{B, A}; 


that is min operation is commutative. 


We see as S is a totally ordered set; S has the least 


element and the greatest element. 


The greatest element of S is tallest and the least element 
of S as shortest. 


J = (tallest, tallest, tallest, tallest, tallest, tallest, tallest, 
tallest, tallest) € P is such that min{J, A} =A for all A € P. 


Thus {P, min} is a linguistic commutative monoid of 


infinite order. 
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Now for the same A, B € P we define the max operation; 
max{A, B} = max {(tall, jus tall, short, very short, tall, very tall, 
short, tall, short), (short, medium height, very short, tall, just 
short, tall, short, just tall, short) } 


= (max tall, short) max (just tall, medium height), max(short, 
very short), max(very short, tall), max(tall, just short), max(very 
tall, tall), max(short, short), max(tall, just tall), max(short, 
short)} 


= (tall, just tall, short, tall, tall, very tall, short, tall, short) € P. 
Thus max(A, B) € P. 


Further max(A, B) = max (B, A). 


Finally as S is a linguistic continuum so it has the least element, 
viz shortest. 


I = (shortest, shortest, shortest, shortest, shortest, shortest, 
shortest, shortest, shortest) is in P and we see max {A, I} = A for 
all A € P. 


Thus {P, max} is a commutative linguistic monoid of row 


linguistic matrices infinite order. 


In view of all these we see {P, max min} is an infinite 
linguistic topological space of linguistic row matrices which is 


commutative and is of infinite order. 


Now we provide one example of a finite linguistic 


topological row matrices which is commutative. 
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Example 2.33. Let V be a linguistic variable associated with the 
temperature of weather for 16 consecutive hours a day. The 


linguistic set 


S = {hot, just hot, just cold, cold, very cold, very hot, hottest, 
coldest} 


is a finite totally ordered set given by 


coldest < very cold < cold < just cold > just hot < hot < 


very hot < hottest. 


Now let T = {collection of all 1 x 5 row matrices with 


entries from S}. 


T is of finite order S has hottest to be the largest linguistic term 


of S and coldest to be the least linguistic term of S. 

That is T = {(a1, a2, a3, a4, as) /ai e S; 1 <i<5}. 
Let A, B € J where A = (hot, cold, just hot, hottest, hot) and 
B = (cold, hottest, hot, cold, just hot) € T. 


min{A, B} = min{(hot, cold, just hot, hottest, hot), (cold, 
hottest, hot, cold, just hot)} 


= (min{hot, cold}, min{cold, hottest}, min{just hot, hot}, 
min{hottest, cold}, min{hot, just hot}) = (cold, cold, just hot, 
cold, just hot) € T. 


Thus {T, min} is a commutative linguistic semigroup of 
finite order. 


Now consider X = (coldest, coldest, coldest, coldest, 
coldest) € T; 
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clearly min{A, X} = X for all A as coldest is the least linguistic 


element of S. 


Further if I = (hottest, hottest, hottest, hottest, hottest) ¢ T 


where hottest is the greatest linguistic element of T. 


Now min{A, I} = A for all A € T. So {T, min} infact a 


commutative linguistic monoid of finite order. 
Now for the same A, B € T 


max{A, B} = max{(hot, cold, just hot, hottest, hot), (cold, 
hottest, hot, cold, just hot) 


= (max{hot, cold}, max{cold, hottest}, max{just hot, hot}, 
max {hottest, cold}, max {hot, just hot}) 


= (hot, hottest, hot, hottest, hot) € T. 
Further for X € T we have max{A, X} =A forall A € T. 


Thus {T, max} is a finite commutative linguistic monoid of row 
matrices. 


Now having seen examples of both finite and infinite 
order commutative ling row matrices we now proceed onto give 
a result on commutative linguistic row matrices in the 
following: 


Now {T, max} and {T, min} are commutative linguistic 
monoids. 


In view of this we have {T, min, max} is a commutative 


linguistic topological space of 1 x n row matrices. 


Theorem 2.2. Let V be a linguistic variable such that its 
associated linguistic set S is such that S is totally order set with 
£ as its least linguistic element and g as its greatest linguistic 
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element. Suppose R = {collection of all 1 x n linguistic row 


matrices with entries from S} = {(a1, ..., An) / ai € S} then 


i) {R, min} is a linguistic commutative monoid of 
finite order if |S| , 00 and infinite order if S is a 
linguistic continuum. 


ii) {R, max} is a linguistic commutative monoid of 
finite or infinite order as in (i) 


iii) {R, max, min} is a_ linguistic commutative 
topological space of order as in (i) 


Proof is left as an exercise to the reader. 


Next we proceed onto give examples of linguistic 
topological space of m x n (m ¥ n) linguistic matrices of both 


finite and infinite order which are commutative. 


Example 2.34. Let V be the ling variable corresponding to 
height of people. S = [shortest, tallest] be the ling set associated 
with V. 


S is a linguistic continuum. 


So S is a totally ordered set with shortest as the least 
element and tallest as the greatest element. 


a 


2 3 


ay 
4 as a6 
a, a 


Let M= { > | fae S;1<i< 18} 


10 11 12 


1 


w 


a 
a 
a a, a 
a ai4 a5 
die 2. A 


17 18 
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be the collection of all 6 x 3 linguistic matrices with entries 
from S. 


Now we define min and max operation on M. 


| short tall tall 
tall justshort very tall 
justtall very tall tall 


Let A= . and 
short just tall short 
tall tallest shortest 
| medium tall short |, 
| very tall short medium 
medium tall tall 
hort hort tall 
Be shor sho vee a <M. 
very short tall just short 
very tall tall tall 
short justshort veryshort |, , 
| short tall tall 


tall justshort very tall 
just tall tall tall 
We find min{A, B} =ming| "er" ‘ 
short just tall short 
tall tallest shortest 
| medium tall short 


6x3 
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| min {short, very tall} 


min {tall, medium} 


min {just tall, short} 


min {short, very 
short} 


min {tall, very tall} 


min{medium, short} 


short short 
medium 

short short 
very short 


tall tall 


short 


On similar times 


just short 


just tall 


justshort veryshort 


| very tall short medium 
medium tall 
short short very tall 
very short just short 
very tall tall 
short justshort veryshort |, , 
min{tall,short} | min{tall, medium} 
min {just short, : 
min {very tall, tall} 
tall} 
min {very tall, ; 
min {tall, very tall} 
short} 
in{short, just 
Higa. Co 
short} 
min {tallest, tall} | min{shortest, tall} 
min {tall, just min {short, very 
short} short} 
medium 
tall 
tall 
E 
short 
shortest 
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| very tall tall tall 
tall tall very tall 
fie just tall very tall vey tall 
short tall just short 
very tall tallest tall 
| medium tall short 


Since S is a total lest ordered set S has the least linguistic 


element viz shortest and a greatest linguistic element tallest. 


| shortest 
shortest 
shortest 
shortest 
shortest 
| shortest 


is such that min{A, 
all Ain M. 


Thus {M, max} is a commutative linguistic monoid of 


infinite order. 


Now J = 


max {A, J} =J forall A e M and min{A, J} =A forall A e M. 


| tallest 
tallest 
tallest 
tallest 
tallest 
| tallest 


shortest 
shortest 
shortest 
shortest 
shortest 
shortest 


I} =I] for all A € M and max{A, I} = A for 


tallest 
tallest 
tallest 
tallest 
tallest 
tallest 


shortest 
shortest 
shortest 
shortest 
shortest 


shortest ae 


tallest 
tallest 
tallest 
tallest 
tallest 
tallest |, , 


eM 


€ Mis such that 
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Hence {M, min} is a linguistic commutative monoid of 
infinite order. Further {M, min, max} is the linguistic 


commutative topological space of infinite order. 


We can by take the linguistic set S to be of finite order 
and S is such that S is totally ordered built anymxn matrix 
m #n then that collection say W will be a linguistic topological 
space under min and max and W will be commutative and be of 


finite order. 
Thus we can have the following result. 


Theorem 2.3. Let V be a linguistic variable such that the 
linguistic set S associated with V is totally ordered set of finite 
or of infinite order. M = {collection of all m x n linguistic 


matrices with entries from S(m # n)}. 
Then the following results are true 


i) {M, min} is a linguistic commutative monoid of 
finite or infinite order. 

ii) {M, max} is a linguistic commutative monoid of 
finite or infinite order. 

iii) {M, min, max} is a_ linguistic commutative 


topological space of finite or infinite order. 
Proof is left as an exercise to the reader. 


Now we see only in case of square linguistic matrices one 
can have both non commutative and commutative linguistic 


topological spaces of square matrices. 
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Already we have defined developed and described 
linguistic topological spaces of square matrices which are non 
commutative. Here we provide examples of commutative 


linguistic topological spaces of square matrices. 


Example 2.35. Let V be the linguistic variable associated with 
the performance aspects of students in general in the classroom 


atmosphere. The linguistic set associated with V is given by 
S = [worst, best]. 


Clearly S is a linguistic continuum with worst as its least 


linguistic element and best as the greatest linguistic element. 


a be 
LetM={/d e f|/a,b,c,d,e,f, g,h,ie S} 
g hi 


be the collection of all 3 x 3 linguistic square matrices with 


entries from S. Define on M the max operation. 


[worst good fair 
For A=] bad verybad good | and 
| bad fair fair 


good fair bad 
B=] worst best good] eM. 


| verygood fair bad 
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worst good fair 


We have min{A, B} =max{| bad  verybad_ good |, 
bad fair fair 


good fair bad 
worst best good | } 
verygood fair bad 


max {worst, good} max{good,fair} max {fair,bad} 
max {very bad, 


best} max {good, good} 


=| max {bad, worst} 


bad, 
aE ey max {fair, fair} max {fair, bad} 


good} 


good good fair 
7 bad best good] e€ M. 
verygood fair fair 


Thus {M, max} is a commutative linguistic semigroup of 
linguistic square matrices infinite order. 

Now for the same A, B € M we find min{A, B} = 

worst good fair good fair bad 


min{| bad verybad good],|} worst best good |} 
bad fair fair verygood fair bad 
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min{worst,good} min{good,fair} min {fair, bad} 


min {very bad, min {good, 


= | min{bad, worst} 
best} good} 
min {bad, very ; . oe . . 
min {fair,fair} min {fair, bad} 
good} 
worst fair bad 


=| worst verybad good} € M. 
bad fair bad 


Thus {M, min} is a linguistic commutative semigroup of 


square linguistic matrices. 


best best best 
We see I=| best best best 
best best best 


in M is such that all entries of J are the greatest ling term of S. 


Hence min{A, I} = A for all A e¢ M making the ling 
commutative semigroup {M, min} into a ling commutative 
monoid of square matrices as I = (best) servers as the linguistic 


identity matrix for the min operat9ion. 


Similarly J = (worst) is such that max {A, J} = A for all A 
€ M making {M, max} into a linguistic commutative monoid 


with J as its linguistic matrix identity. 


worst worst worst 
Here J=] worst worst worst | = (worst). 


worst worst worst 


Linguistic Topological Spaces and their properties | 163 


Thus {M, max, min} is a linguistic commutative 
topological space of square matrices which is commutative and 


is of infinite order. 


By considering the linguistic set S to be finite order and if 
S is a totally ordered set then certainly collection of square 
matrices with entries from S will be a commutative finite 
linguistic topological space of square matrices. With this mind 
we can build infinite collection of finite and infinite order 
linguistic topological spaces of square matrices. 


Next we proceed onto describe the notion of linguistic 
topological subspaces of both finite and infinite order by some 


examples. 


Example 2.36. Let V be the linguistic variable associated with 
growth of the height of the paddy plants. Let S be the linguistic 
set associated with V; that is 


S = [shortest (most stunted), tallest). 


Clearly S is a linguistic continuum with shortest or most 
stunted as the least linguistic element and tallest as greatest 
linguistic element. 


Suppose {S, min} is the linguistic commutative monoid 
under the operation min. Then tallest is the linguistic identity 
for the linguistic operation min. 


Consider P = [shortest, medium height] < S to be 
linguistic subinterval of S. 


Clearly {P, min} is again a linguistic monoid but now 


with medium height as the linguistic identity for 
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min {p, medium height} = p as all elements p in P \ {medium 
height} is clearly less than medium height. 


Now we claim {P, min} is a linguistic submonoid of S. 
The vital difference is only the linguistic identity of S and P are 
different. 


Now consider the max operation on S, {S, max} is a 
linguistic monoid with the linguistic operation max. Further 
shortest is the linguistic identity of {S, max}. 


For max {x, shortest} = x for all x € S as shortest < x. 
Consider M = [just short, tall] cS. 


Clearly {M, max} is a linguistic monoid which is 
commutative with linguistic identity just short and infact 


{M, max} is a linguistic submonoid of {S, max}, the only 
information to note is that the linguistic identities of M and S 
are different. 


Further max {just short, x} = x for all x e M. 


We can have several linguistic submonoids of the 
monoids {S, max} and {S, min}. The only important factor to 
observe is these submonoids in most cases have linguistic 
identities which are different from that of the monoids {S, max} 


and {S, min} of infinite order. 


Infact the linguistic monoids {S, min} and {S, max} both 


have linguistic submonoids of finite order. 
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For consider T = {short, very short, just short, medium height, 
tall, just tall, very tall, very very tall, tallest} € S. 


We see both {T, max} and {T, min} are linguistic submonoids 


of finite order. 


Further the linguistic identity of {T, max} is very short and that 
{T, min} is very very tall. Infact we can have an infinite 


collection of linguistic submonoid of finite order. 


Now having seen examples of commutative linguistic 


submonoids of commutative linguistic monoid. 


We give examples of commutative linguistic topological 
spaces of linguistic matrices using mainly the concept of 


linguistic monoids. 


Example 2.37. Let V be the linguistic variable weight of dogs. 


The linguistic set associated with this V is given by 


S = [lightest, heaviest]. 


a, a, 
a, a, 
a, a 
5. 6 . 
Let M= { /a,€ 8; 1<i< 12} 
a, ag 
ay Ai 
Lai ayy 6x2 


= {collection of all 6 x 2 linguistic matrices with entries from 
S}. 


Now it is easily verified min{A, B} and max{A, B} « M 
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lightest lightest 


lightest lightest 


and [= = (lightest) e M 


lightest lightest |, 


2 
is such that max {A, I} = A and min{A, I} =I. 


heaviest heaviest 
heaviest heaviest 
Now J = . : 


heaviest heaviest As 


= (heaviest) € M is such that max {A, J} 
= Jand min{A, J} =A forall A e M. 


Thus J = (heaviest)¢ x 2 is the linguistic identity matrix for the 
min operation on M and I = {lightest) is the linguistic identity 


matrix for max operation on M. 


Thus {M, max} and {M, min} are linguistic monoids of 


matrices. 


Take P = [light, medium weight] c S = [lightest, 
heaviest]; clearly {P, max} and {P, min} are linguistic sub 


monoids of {S, max} and {S, min} respectively. 
Further for {P, max}, Ip = (light) 


a, 


Clearly R = { @3 ‘es /a,eP;1<i<12}cM 


ay, Aj» 
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is such that {R, min} and {R, max} are linguistic submonoids of 
{M, min} and {M, max} respectively but the ling matrix 


identities are 


light light 
light light 
L=| = © | =(light)eR 
light light |, , 
is such that max {A, Ip} = A forall A eR. 


mediumweight medium weight 
mediumweight medium weight 
Now Jp = : . 


medium weight medium weight |, , 


= (medium weight) € R is such that Jp is the linguistic identity 
matrix of {R, min} for min {A, Jp} = A forall A ER. 


Thus {R, min} is a linguistic submonoid of linguistic matrices. 


Now {M, max, min} is the linguistic topological space of 
linguistic matrices and {R, max, min} is the linguistic 


topological subspaces of linguistic matrices. 


We can by this way construct infinite number of 
linguistic topological subspaces of linguistic matrices. 


Now we can also build linguistic topological subspaces of 
finite order. 


We will illustrate this situation by an example. 
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Take W = {light, lighter, just light, very light, medium 
weight, very heavy, heavy, just heavy} e¢ [lightest, heaviest]. 
We see W is a ordered set for 


lighter < very light < light < just light < medium weight < just 


heavy < heavy < very heavy < heaviest 


We see lighter is the least elements in W and heaviest is 


the greatest element of W. 


va? 8) pace Wi1<i<12} 
12 


be the collection of all 6 x 2 linguistic matrices with entries 
from W. 


Clearly order of V is finite and 
lighter lighter 
lighter light 
as 3 ‘80 - € Vis such that A is least matrix of V. 


lighter lighter 


Thus for the linguistic submonoid {V, max}; A is the 


linguistic identity matrix such that 


max{A, D} =A forall D € V. 
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heaviest heaviest 
heaviest heaviest 
B= ‘ : eV; 


heaviest heaviest 


B is the linguistic matrix identity of V for the linguistic 
submonoid {V, min}; for min{D, B} = D for all De V. 


We see {V, max, min} is a linguistic topological 


subspace of M. 


Clearly V is a find ordered commutative linguistic 
topological subspace of M. 


Thus we can easily prove {M, min, max} the 
commutative infinite topological space of 6 x 2 linguistic 
matrices infinite number of commutative linguistic topological 


subspaces of linguistic matrices of finite order. 


Likewise {M, max, min} has infinite number of 


topological subspaces of linguistic matrices of infinite order. 


We just give one or two examples of non commutative 
linguistic topological subspect of matrices of both infinite or 
finite order. 


Example 2.38. Let V be the linguistic variable age of people. 
Let S = [youngest, oldest] be the linguistic set which is clearly a 


linguistic continuum. So S is a totally ordered set. 


1) We know {S, min, max} commutative is a 


linguistic topological space of infinite order. 


170 | Special Subset Linguistic Topological Spaces 


ii) If P(S) is the power set of S then {P(S), U, M} is 
again a commutative linguistic topological space 


of infinite order. 


iii) {P(S), min, max} is a special type of linguistic 
topological space of infinite order. 


Recall if A = {young, old, very old, just young, very 
young, middle age} and 


B = {youngest, just old, just middle age, just young, very old} 
are two distinct linguistic sets of P(S); then 


min{A, B} = min{{young, old, very old, just young, very 
young, middle age}, {youngest, just old, just middle age, just 
young, very old}} 


= {youngest, just young, just old, just middle age, very old, just 
young, very young, middle age}. wxal 


max{A, B} = max{{young, old, very old, just young, very 
young, middle age}, {youngest, just old, just middle age, just 
young, very old}} 


= {young, just old, just middle age, very old, old, just young, 
very young, middle age}. . ll 


Land II are distinct. 


Thus {P(S), max, min} we have defined as the special 
type of subset linguistic topological space of infinite order 


which is commutative. 


Linguistic Topological Spaces and their properties | 171 


Now using S we can define a class of linguistic row 
matrices as R = {collection of all 1 x n ling row matrices with 


entries from S} = {(a1, a2, ..., an) /ai € S; 1 <i<n}. 


We see {R, min, max} is again a linguistic topological 
space of linguistic row matrices. 


Clearly {R, min, max} is commutative and is of infinite 


order. 


Let C= {collection of all m x | linguistic column matrices 


with entries from S} 


a, ; 
={| ¢ | /ajeS;1<i<m}. 


Clearly {C, min, max} is a linguistic topological space of 


column linguistic matrices of infinite order. 


Likewise if M = {collection of all p x q linguistic 


matrices p # q with entries from 


TS) Ai, 

a a 
21 22 2q 

S={ 
a1 p2 aig 


where aj € S; 1 <i<Pand1<j<q}. 
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It can be verified {M, min, max} is a commutative 
linguistic topological space of infinite order p x q or rectangular 


linguistic matrices. 


Finally we consider N = {collection of all n x n linguistic 


square matrices with entries from S} 


ay ai, 
a a 
21 peed 2 oe 
4 3 -" | where ay € S; 1 <i,j <n}. 
ant ain 


We see {N, max, min} is a linguistic topological space 
(of square linguistic matrices) which is commutative and is of 


infinite order. 


Now we can define 4 different non commutative 
linguistic topological spaces using only linguistic square 


matrices. 


We list out the 4 different non commutative linguistic 
topological spaces of squares matrices which are of infinite 


order. 


{N, max, min max}, {N, max, max min}, {N, min, min 


max} and {N, min, max min}. 


For the sake of better understanding we will illustrate all 


the four situations by some example for n = 3. 


Let N = {collection of all 3 x 3 linguistic matrices with 


entries from S} 
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={]a,, a a5, |/ajy € S; 1 <1,j <3}. 


a3, a39 a3; 


We define min max operation. 


It is know {N, max} is a linguistic commutative monoid 


of infinite order. 


Now we illustrate how the operation min max is carried 


out on N. 


young old young 
Let A = | just young young very old | and 
veryold very young old 


old young old 
B=]| veryold veryyoung young |éN. 


just young oldest youngest 


We find min max {A, B} 


young old young 
= min{max{| just young young very old |, 


veryold very young old 


old young old 
veryold veryyoung young |}} 


just young oldest youngest 
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min {max {young, old}, max {old, very old}, 
max {young, just young} } 
min {max {just young, old}, max {young, very old}, 
max {very old, just young} } 
min {max {very old, old}, max {very young, very old}, 


max {old, just young} } 


min {max {young, young}, max {old, very young}, 
max {young, oldest} } 
min {max {just young, young}, max { young, very young}, 
max {very old, oldest} } 
min {max {very old, old}, max {very young, very old}, 
max {old, oldest} } 


min {max {young, old}, max {old, young}, 
max {young, youngest} 
min {max {just young, old}, max {young, young} 
max {very old, youngest} } 
min {max {very old, old}, max {very young, young}, 


max {old, youngest} } 


min {old, very old, just young} 
= | min {old, veryold, very old} 
min {very old, very old, old} 


min {young, old, oldest} 
min {just young, young, oldest} 


min {very old, very old, oldest} 
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min {old, old young} 
min {old, young, very old} 


min {very old, young, old} 


just young young young 


old just young young al 
old veryold young 


This is the way min max operation is performed. 


We now find out the value of minmax {B,A} 


old young old 
=min{max{| veryold veryyoung young |, 
just young oldest youngest 
young old young 


just young young very old | }} 
veryold very young old 


min {max {old, young}, max {young, just young}, 
max {old, very old} } 
min {max {very old, young}, max {very young, 
just young}, min {young, very old} } 


min {just young, young}, max {oldest, just young} 


max {youngest, veryold} } 
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min {max {old, old}, max {young, young}, 
max {old, very young} } 
min {max {very old, old}, max {very young, 
young}, max {young, very young} } 
min {max {just young, old}, max {oldest, young} 


max {youngest, very young} } 


min {max {old, young}, max {young, very old}, 
max {old, old} } 
min {max {very old, young}, max {very young, 
very old}, max {young, old} } 
min {max {just young, young}, max {oldest, very old}, 


max {youngest, old} } 


min{old, young, min {old, young, min {old, 

very old} old} very old} 
min{veryold,just min{veryold, min{veryold, 
young, very old} young, young} —_-veryold,old} 
min{young, oldest, min{old,oldest, min{young, 


very old} very young} oldest, old} 
young young old 
=| just young young old ll 


young veryyoung young 
We see I| and II are distinct, that is 
minmax{A, B} 4 minmax {B, A}. 


Hence {N, minmax} is a noncommutative linguistic semigroup 


of 3 x 3 matrices. 
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Thus {N, max, min max} is a non commutative linguistic 


topological space of 3 x 3 linguistic matrices of infinite order. 


In view of this we can say {N, min, min max} also is a 
non commutative linguistic topological space of 3 x 3 linguistic 


matrices of infinite order different from {N, max, min max}. 


Now we know {N, max} is a commutative monoid of 


linguistic 3 x 3 matrices of infinite order. 


Consider max min operation on N for the same A and B 


we now find out max {min {A, B}} 


young old young 
= max {min{ | just young young very old |, 


veryold very young old 


old young old 
veryold veryyoung young |}} 


just young oldest youngest 


max {min {young, old}, min {old, very old} 
min {young, just young} 
max {min {just young, old}, min {young, very old} 
min {very old, just young} } 
max {min {very old, old}, min {very young, very old} 


min {old, just young} } 
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max {min {just young, old} ,min {young, very old} 
min {very old, just young} 
max {min {just young, young}, min {young, very 
young}, min {very old, oldest} 
max {min {just young, old}, min{young, young}, 


min {very old, youngest} } 


max {min {very old, old}, min {very young, 
very old}, min {old, just young} 
max {min {very old, young}, min {very young, 
very young}, min {old, oldest} 
max {min {very old, old}, min{very young, 


young, min {old, youngest} } 


max {young, old, max {just young, young, 
just young} just young} 
max {just young, young, max {just young, very 
just young} young, very old} 
max{old, very young, max{just young, young 


just young} youngest} 


max {old, very young, just young} 
max {young, very young, old} 


max {old, very young, youngest} 


old young old 
= | young veryold old .. 
old just young old 


Now we find max {min {B,A}} 
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old young old 
=max{min{| veryold veryyoung young |, 
just young oldest youngest 
young old young 


just young young very old | }} 
veryold very young old 


max {min {old, young}, min{young, 
just young}, min {old, very old} 
max {min{very old, young} min {very 
young, just young}, min {young, very old} 
max {min {just young, young} min {oldest, 


just young}, min {youngest, very old} } 


max {min {old, old}, min {young, young}, 
min {old, very young} 
max {min {very old, old}, min {very young, 
young}, min {young, very young} 
max {min {just young, old}, min {oldest, 


young}, min {youngest, very young} } 


max {min {old, young}, min {young, very old} 
min {old, old} } 
max {min {very old, young}, min {very young, 
very old}, max {young, old} } 
max {max {just young, young}, min {oldest, 


very old}, min {youngest, old} } 
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max {young, just young, max {old, young, 
old} very young} 
_ | max{young, very young, max {old, very young, 
‘ young} very young} 
max {just young, just young, max {just young, young, 
youngest} youngest} 


max {young, young, old} 
max {young, very young, young} 


max {just young, very old, youngest 


old old old 
= young old young . TV 
just young young veryold 


Clearly equations (III) and (IV) are distinct. 
Hence max {min{A, B}} #max{min{B, A}}. 


Thus {N, max min} is a linguistic non commutative 


semigroup of infinite order. 


Hence {N, min, max min} is a non commutative 
linguistic topological space of (3 x 3 linguistic square matrices) 


infinite order. 


This linguistic noncommutative topological space is 


different from the other two topological spaces 


{N, min, min max} and {N, max, min max}. 
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Finally we see {N, max, max min} is a different non 
commutative linguistic topological space of 3 x 3 square 


linguistic matrices of infinite order. 


This linguistic topological space {N, max, min max} is 
different from {N, max, max min}, {N, min, minmax} and {N, 
min, max min}, the three different non commutative linguistic 


topological spaces. 


Now we proceed onto give a few linguistic topological 
subspaces of these four linguistic topological spaces of both 


finite and infinite order. 
Consider the linguistic subinterval 
P = [young, old] < [youngest, oldest] = S. 


Clearly as P is a linguistic subinterval of the linguistic 


interval S. P is also a totally ordered linguistic set. 


Let T = {collection of all 3 x 3 linguistic matrices with 


entries from P c S$} 


ai aio a3 
a1 Ang Ang |/ AG E P3 1 <1,j <3}. 


33 


{P, max, min max}, {P, max, max min}, {P, min, min 
max} and {P, min, max min} are 4 distinct linguistic 
topological subspaces of the linguistic non commutative 
topological spaces, {N, max, min max}, {N, max, max min}, 


{N, min, min max} and {N, min, max min} respectively. 
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All these 4 linguistic topological subspaces are also non 


commutative and infact all of them are of infinite order. 


Finally we provide example linguistic noncommutative 
topological subspaces of {N, max, min max}, {N, max, 
maxmin}, {N, min, minmax} and {N, min, maxmin} of finite 


order. 


Consider W = {old, young, just old, very young, very old, 
very very old, youngest, just young, middle age} € S; clearly W 


is a finite linguistic subset of S. 


Further W is also a totally ordered set; the ordering of W is as 
follows: 


youngest < very young < just young < young < middle 
age <just old < old < very old < very very old. 


Now let V = {collection of 3 x 3 linguistic matrices with entries 


from W} 
A, Ay Ay; 
={] a, a», a, | /aje W, 1<1,j <3}. 
a a a 


31 33 


{V, max, min max}, {V, max, max min}, {V, min, 
minmax} and {V, min, maxmin} are finite order non 
commutative ling topological subspaces of {N, max, min max}, 
{N, max, max min}, {N, min, min max} and {N, min, maxmin} 


respectively. 


Now having seen both finite and infinite order linguistic 


topological subspaces which are non commutative we proceed 
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onto describe the fact all totally ordered linguistic sets are 
linguistic semirings under max and min operations as the 


operations are distributive. 


Infact it is not possible to develop the notion of linguistic 
group; however one should find by some means to develop a 
group structure. This will be taken up as a very big task in due 


course of time. 


However we know {P(S), U, M} is a_ linguistic 


topological space akin to the classical topological space. 


Now using P(S) we can construct subset linguistic 
topological spaces of special type using linguistic subset 


matrices. 


We first recall the properties of usual subset matrices in 


reals and describe them by examples. 


Example 2.39. Let R be the real lien P(R) be the power set of R. 


Now{P(R), 7, VU} is the classical topological space. 


Consider A = {collection of all 1 x 4 matrices with 
entries from P(R)}} = {(a1, a2, a3, a4) / aie P(R); 1 <i <4}. 


Now if 
x = ({3, 4, 7}, {8, 9, 11, 4}, {2, 1}, {7, 8, 9, 11, 12}) and 


y = ({3, 7, 20, 11}, {8, 9, 1, 2, 3}, {2, 5, 7, 1}, 8,9, 11, 123} € 
A. 


xy = ({3, 4, 7}, {8, 9, 11, 4}, {2, 1}, {7, 8,9, 11, 123) 0 (43, 
7, 11, 20}, {8, 9, 1, 2, 3}, {2,5, 7, 1}, {8, 9, 11, 12}) 
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= ({3, 4, 7}  {3, 7, 11, 20}, {8, 9, 4, 11} a {8, 9, 1, 2, 3}, {2, 
1} {2,5, 7, 1}, {7, 8, 9, 11, 2} 7 {8, 9, 11, 12}) 
= (43 79185 Opt 2s Le 18s 9, 11 12h ye A, 
Thus {A, M} is a commutative monoid as for any x € A 
x © (R) =x for all x € A, where (R) =(R, R, R, R). 


Now we show U defined on A is again a commutative 


monoid. For the same x and y we find 


x Uy = ({3, 4, 7}, {8, 9, 11, 4}, {2, 1}, {7, 8, 9, 11, 12}) U 
CLL 337.2045 185 93 12.3), 12593 1d fs 8e 9s LL 2)) 


= (8. AT 48s 7 11 204 489. Ti AR 48, 9,193 40: 
PD S71 47, 8 OT II 89112) 


= (3.4.7, 11220}, $8; 95 11; 45.12, 3}; 4251) 5; 74-47, 8; 9, 11, 
12) eA. 


Thus it is easily verified {A, U} is a subset monoid of 
row matrices; infact (, 6, @, >) = (o) acts as ling row matrix 


identity. 
For x U (o) =x for all xe A. 


Thus {A, U, M} is a subset topological space of matrices 


or subset matrix topological space. 


Now we give using same set R, that is reals define P(R) 


the power set of R. 
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Let B = {collection of all 5 x 1 subset column matrices 


with entries from P(R)} 


/a;, € P(R); 1 <i< 5}. 


ll 
ot 
o 2 © ® 
rs 


Now we show {P(R), U, A} is a subset column matrix 


topological space. 


{7,-1,5,8,3,4,}3 [| {7,1,93 
{3,4,7,8} {9,18,27} 
Letx = {o} andy=| {40,-9} | —B. 
{4,-8, -9, -18, 9} {os 
| {1,3,2,1-4,-9,9, 27} | {1,2,3,4,9} 
| {7,-1, 5, 8,4, 3, } | {7,1,9} 
{3,4,7,8} {9,18, 27} 
xAy= {cp} | {40,—-9} 
{4,-8,-9,-18,9} fo} 
| {4,3,2,1,-4,-9,9,27} | | {1,2,3,4,9} 


7.15 
to 
=|  {o} eB. 


{o} 
| 1,2,3,4,9} 
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Thus {B, M} is a commutative subset monoid of column 


subset matrices. 


AAA AA 


(R) 0 x =x for all x € B. 


= (R) serves as the subset matrix identity of B as 


Now we can define the operation U on B as follows. 


We consider the same x, y € B; 


{7,-1,5,8,3,4,} 
{3,4,7,8} 
xUYy= to 
{4,-8,-9,-18,9} 
| {4,3,2,1,—4,9, -9,27} 


{7,1,9} 
{918,27} 
U]} {40,-9} 
{o} 
| {1,2,3,4,9} 


{7,-1,5,8,3, 4, U {7,1,9} 
3,4,7,8} U {9,18,27} 
tO} Y 140, —9} 
{4,-8,-9, -18, 9} U { {0} 


| 445352514, 9;-9,27} 41,2, 3,4, 9} 
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[ {7,1,-1,5,8,3,4,9} 
{3,4,7,8,9,18, 27} 

= {40,-9} eB. 
{4,-8,-9,-18, 9} 

| {4,3,2,1-4,9,-9,27} 


Thus {B, U} is a monoid of column subset matrices. 


We see {B, U, M} is the topological space of subset 


matrices of infinite order. 


Now we can have topological subspace of subset matrices 


both of finite and infinite order. 
We know Q CR where Q 1s the set of rationals. 


Further P(Q) c P(R) their power sets also satisfy the 


containment relation. 


If D= {collection of all 5 x 1 matrices with entries from 


1 
2 


la 
a 
P(Q) = {} a, | / ai € P(Q); 1 <i<5} {D, A} c {B, A}, {D, VU} 
a 
a 


4 


5 


c {B, VU} and {D, Uv, 7} € {B, U, Oo}. 


Thus PD, U, M} is the subset topological subspace of 5 x 1 
column matrices of {B, U, A}, {D, U, M} is also a subset 


topological subspace of matrices of infinite order. 
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Let T= {1, 10, -1, 5, 7, 8, 9, 16, 20, 22, 19, 18, 27, -9} CR be 
a finite subset of R. 
Clearly P(T) c P(R) and P(T) is of finite order. 


If G = {collection of all 5 x 1 matrices with entries from P(T)} 
CDcB. 


{G, U, Mb} is a subset topological subspace of subset 5 x 1 


matrices of finite order. 


Thus we have given examples of finite and infinite order 


subset topological subspaces of matrices. 


Example 2.40. Let Z2. be the modulo integers P(Z2) be the 
power set of Zz. 


a, a, a; 
M={|a, a, a, |/ai e P(Z2)1<i< 9} 
a, ag ay 


= {collection of all 3 x 3 subset matrices}. 
M is of finite order. 


{0,2,3,9} {89,11} {4,3,8} 
Let A=| {9,11,16,17} {3,6,12! {9,0,13 
14,5} {86,0} {7,3 


{7,24} {10,5,7} {6,4,2,0} 
and B=| {13,0} {01,9} {7,9 | eM. 
{6,84} {1,2} — {6,5,9,8} 
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{0,2,3,9} {89,11} {4,3,8} 
We see AA B=| {9,11,16,17} {3,612} {9,0,1} 
14,5} {86,0} {7,3 


{1,3,0}  {0,1,9} {7,9} 


{7,2,4} {10,5,7} {6,4,2,0} 
‘a 
{6,8,4} {1,2}  {6,5,9,8} 


£9,11,16,17$ 0 {1,3,0}  {3,6,12} 9 {0,19} 


£0,2,3,9} 0 {7,2,4}  {8,9,11} 0 {10,5,7} 
(1,4, 5} 0 {6,8,4} {0,6,8} 0 {1,2} 


{9,0, 1} 7 {7,9} 


{4,3,8} 0 {6,4, 2, 0} 
{7,]} A {6,5, 9,8} 


23 toy 14} 
=]AdF tO} 19 a 
45 tO} tO 


{0,2,3,9} U{7,2,4}  {8,11,9} UV 10,5,7} 
AUB=| {9,11,16,17} U {1,3,0} (3,6,12} U {0,19} 
11,4,5}U (6,8, 4} £8, 6,0} U {1,2} 


{9,0, 1} U {7,9} 


{4,3,8} U {6,4, 2, 0} 
{7, ]} U {6,5, 9,8} 


{9,11,16,17,1,3,0} {3,6,12,0,1,9}  {9,0,1,7} 


{0,2,3,4,7,9}  {8,9,11,5,7,10} (4,3,8,6,2,0} 
= Il 
11,4, 5,6,8} {8,6,0,1,2}  {7,1,6,5,9,8} 
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Land II are distinct. 


Thus {P(Z20), U,r} is a subset topological space of 


square matrices of finite order. 


Now we can also define noncommutative operations 
which will be dealt later. 


We provide yet another example. 


Example 2.41. Consider S = Zig the modulo integer P(S) = 
P(Zis) be the power set of Zis. 


Let B = {collection of all 5 x 3 matrices with entries from 


1 3 


4 


a 


a a 
a a 
P(Zis)} ={] a a, |/ai € P(Zis); 1<i<15} 


10 12 


a a 
413 15 


Now we can define U and q on P(Zis) and see 


{P(Zis, U, A} is again a topological subset matrix space of 


finite order. 
This is also commutative. 


Hence all subset topological subspaces will also be only of 


finite order and will be commutative. 


Now in this case of subset matrices we can define both + 


and x as well as min and max. 
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We will describe them first by examples. 


Example 2.42. Let S = Z the set of integer. P(S) be the power 
set of S. Consider D = {collection of all 1 x 6 subset matrices 
with entries from P(S)} = {(a1, a, ..., a6) / ai € P(S); 1 <i< 6}. 


We know how to define U and M on D. 


Infact we have proved {D, U, M} is a subset topological 


space of subset row matrices. 
We define product on D; consider 


a = ({3, 4, 9}, {0, 2, 9, 18}, {9}, {2, 0, -4, -9}, {7, 8, 9, 0, 6, — 
9}) and 


b=({1, 2, 3, 7}, {8}, {15, 24, 3} and {4, 1}, {0} e D we now 
find 


at b = ({3, 4, 9}, {0, 2, 9, 18}, {9}, {2, 0, 4, -9}, {7, 8, 9, 0, 6, 
Oty {152,357 }..48), 419, 24.3 14515494) 


= (13,4 9} 212, Sf 240, 2,9, 18h Bh Ob tS 243 f, 
{2, 0, -4,-9} + {4, 1}, {7, 8, 9, 0, 6, -9} + {0}) 


= ({4, 5, 6, 10, 7, 11, 12, 163, {8, 10, 17, 26}, {12, 24, 33}, {6, 
4, 0, -5, 3, 1,-3, -8}, {7, 8,9,0,6, -9}) ...J 


This is the way ‘+’ operation on D is performed and it is easily 
verified a+ b=b-+a foralla,b ¢ Danda+beD, 


{D, +} is infact a subset semigroup. 
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We can claim {D, +} to be subset monoid by taking (0) = ({0}, 
{0}, {0}, {0}, {0}) e Das the additive subset identity as a + (0) 
=(0)+a=aforallae D. 


Now define x on D as follows take the same a and b in D. 


a x b = ({3, 4, 9}, {0, 2, 9, 18}, {9}, {2, 0, -4, -9}, {7, 8, 9, 0, 
6, -9}) x ({1, 2, 3, 7}, {8}, {15, 24, 3}, {4, 1}, {9}) 


= (43,4, 9} *A1,.2, 35. 7}510;.2,:9, 18}-x {8} 49} x 415, 
24, 3}, {2, 0, 4, -9} x {4, 1}, {7, 8, 9, 0, 6, -9} x {9}) 


= ({3, 6, 9, 21, 4, 8, 12, 28, 18, 27, 633, {0, 16, 72, 144}, {27, 
135, 216}, {8, 0, -16, 36, 2, -4,-9}, {OL ed. 


We see {D, x} is also a monoid of subset row matrices 


with T=({1}, {1}, {1}, {1}, {1}) e D. 
ax l=aforalla € D. 


Thus {D, x} is a commutative monoid of subset row 
matrices. 


Clearly {D, x, +} is a commutative topological space of 
subset matrices. 


Nof if 


M = {collection of all 3 x 5 subset matrices with entries 
from P(Z)} 
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={la, a, a, a, a,|/aie P(Z);1<1<15}. 


We show how product and sum operation are performed. 


Infact we assume U and - are know operations M. 
We consider 


[{3,7,9} {4,3} 1} {0,1} {6,2,3,7,9} 
A=| {8}  {5,6,7,-I} 3} {7,912} 3,4,0} | and 
| {9,2} {0,1,2,3}  {4,2,0} {8,0,1,4} {0} 


[| {2,7,6} {5} {2,0,1} 
B= {7} {5,6,7,9,0} {3,—1,0,23 
| {0,1,2,3,4} {8,0} {1,0,5,93 


(3,0,2} {3,4,5,7,0} 
{9} {89,0} |eM 
11,0,3,4} {0} 


[i 13,7} 
AQB=] {O} 6.6.7} GB} 9} {0 a 
Liz 10; 105 10,145 105 


[ {3,7,9,2,6} {4,3,5} (2,0,1} 
AUB= {8,7} {5,6,7,-1,9,0} {3,-1,0,2} 
| {0,1,2,3,4,9}  {0,1,2,3,8} —{1,5,0,2,4} 
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{1,2,3,0} {6,2,3,7,9,4,5} 
{7,9,12}  {8,9,0,7,12} gall 
{8, 0, 1, 4,3} {8, 0, 1, 4\ 


. £5,10,9,14,13, 3,1,2 
{9,8} ee 
11,16,15} 
{10,11,12,14,5,13,15  {6,2,3,5} 
A+B= {15} 
6,16,7,4,8,—-1} 
{9,10,11,12,13, {0,5,1,9,4,13 
{0,1,2,3,9,10,11 
2,3,5, 6} 3,7, 6} 


{3,0,2,1,3,4}  {6,2,3,7,9,5,11,10, 


12,13,8,14,16% 
{16,18,21}  {0,3,4,8,11,12,9,13} .. I 
{8,0,1,4,9, 2,5, {0 
11,3,7,12} 
 {6,21,18,14,49, 15,20 
ve £2,0,1 
42,36} 
{—5,-6,-7,-9,0, 25, 
{56} 
AxB= 30,35,36,42,54,  {9,-3,0, 6! 
49,63} 
{0,2,4,6,8,9, {0,8,16,24} {4,0, 20,36, 
18, 27,36} 2,10,18} 
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{18,6,9,21,27, 24,8, 
{0,3,2} 12,28, 36,30,10,15, 
49,63,21,35,45,42, 14} 
{8 1,63, 108} {0,24,32, 27,36} IV 
{8,0,1,4,24,3,12 {0} 


16,32} 


All the four operations are distinct. 


In view of this we can have 4C2 = =: = 6 distinct subset 


7) 
topological spaces of subset matrices given by; 


{M,U, a}, {M, +, x}, {M, U, a}, {M, o, +}, {M, VU, x} and 
{M, -, x}. 


Now proceed to define min and max operation on subset 


2 x 3 matrices with entries from P(Z). 


Let N = {collection of all 2 x 3 subset matrices with 
entries from P(Z)} 


a, a, a, * 
= /ai € P(Z); 1 <i<6}. 
Ai Ay, Be 


; {0,1,2,5, 7} {0} {5, 7,9} 
Consider A= 
{3,-1,0,1} {1,2,4,6,8} {7,9} 
{1,4,7,8,9}  {9,7,8,-4}  {-7,2} 
and B= 
{9,7,1,8,6} {7,2,-1,-3} {8,-1,0} 
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be two 2 x 3 subset matrices 


min{A, B} = aa ee a 


{1,3,-1,0,1} {-1,-3,1,2,4,6,7} {-1,0,7,8} 


< P(Z) av 


ment B)= | ere {9,7,8,—4} a 


11,6,7,8,9,3} {7,2,4,6,8,1}  {7,9,8} 


It is pertinent to see {N, min} and {N, max} are subset 


matrix subset monoids of infinite order. 


There are 6 distinct operation on N or M or for that matter 


for any collection of subset matrices. 


We can have 6C2 = oS = 15 distinct subset topological 


space of subset matrices. 


If M is the collection of subset matrices with entries from 
the power sets P(Z) or P(Q) or P(R) or P(C) or P(Zn) then 


{M, U, a}, {M, max, min}, {M, x, +}, {M, U, max}, {M, vu, 
min}, {M, U, x}, {M, U, +}, {M, a, max}, {M, -, +}, {M, U, 
min}, {M, a, x}, {M, +, min}, {M, +, max}, {M, x, min} and 


{M, x, max} are the 15 distinct subset topological space of 


subset matrices. 


Now all these 15 subset topological space of subset 


matrices are commutative. We now give examples of non 
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commutative operations on square subset matrices whose entries 
are from P(Z) or P(Q) or P(R). 


LetN={]a, a, a,|/aieP(Z)1<i<9} 


= {collection of all 3 x 3 subset matrices with entries from P(Z) 
or P(Q) or P(R)}. 


3,9,2} {0} — {1,2,3} 
LetA=| {4,6} {1,03 {0} | and 
{2} {7,0,6}  {4,6,2,0} 


(1,0,5} {1,23}  {6,0,2} 
B=| {5,1,0} {9,0}  {1,2,3,03] © P(Z) or P(Q) or P(R). 
{5,2} {0,12} {5,6} 


We now find out usual matrix product (that is classical 


product). 


3,9,2} {0} ‘1,233 
AxB=| {4,6} {1,03 or | x 
(2 £7,0,6}  {4,6,2,0} 


{1,0,5} {12,3} {6,0,2} 
{5,10} {9,0} (1,2,3,0} 
{5,2} {0,12} {5,6} 
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3,9,2% x {1,0,5} + {0} x {5,10} (3,9,2} x {1,2,3} + {0} 
+{1,2,3} x {5,2} x{9,0} + {12,3} x {0,1,2} 
_ | {4,6} {1,0,5}+ {1,0} {5,10}  £4,6} x {1,2,3} + {1,0} 
7 +40} x {5,2} {9,0} + {0} x {0,1,23 
£21 x £1,0,5{+{1,0,6} x {5,1,0} {2} {1,2,3} +{7,0,6} 
+44, 6,2, 0} x {5,2} x{9,0! + {4,6,2,03 x {0,1,2} 
3,9,21 x {6,0,2} + {0} 
x1,2,3,0} + {1,2,3} x {5,6} 
{4,6} x {6,0,2} + {1,03 x 
12,3, 0} + {0! x {5,6} 
{2} x {6,0,2} + {7,0,6} x 


1,2,3,0! + {4,6, 2,03 x {5,6} 


(3,9, 2,0,10,15,4,5} + {0} + {5,10,15,2,4,6} 
= {4,6,0,20,30} + {5,1,0} + {0} 
{2,0,10} + {7,0,6,35,30} + {20,30,10,0,8,12,4} 


{3,9,2,1,18,4, 6,27} + {0} + {1,2,3,0,4, 6} 
{4,6,8,12,18} + {9,0} + {0} 
(2,4, 6} + {0,63,54} + {0,4,6, 2,8,12} 


{18,54,12,0,6,4} + {0} + {5,10,15, 6,12,18} 
(24, 36,0,8,12} + {1,2,3, 0} + {0} 
{12,0,4} + {7,0,6,14,12, 21,18} + 

{20,30,10,0,36, 24,12} 
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{8,14, 7,5,15,20,50,13,19,12,10,25,55,9,5,11 
4,2,47,17,7,13,6,14,49,16,21,51} 
= {9,11,0, 25, 35,5, 6,1, 21,31} 
{29, 22, 28,57,50,37, 30,36, 65,60, 21,39, 32,38, 
67,47, 40, 46, 4, 24,35,0, 75, 70, 20,30, 45, 25,27, 
26,55,37,36,19,12,18,7,6,20,10,50,17,16,45, 
9, 2,8,53,14, 43, 42,12,52,4,13,6,14,43,51,51,13,41} 


(3,9,2,6,18,4,0,27,4,10, 7,19,5, 28,15, 
11,8,20,29,12,21,30,13,22,31, 24,33} 
£4, 6,8,12,18,13,15,17,21,27} 
(2,4, 6,65,67,69, 56, 58,60,8,10,71,12, 63,62 
64,71, 73,75, 66} 


{23, 59,17,5,11,9, 28,64, 22,10,16, 14,33, 69, 
27,15,21,19, 40, 24, 60,18, 6,12, 36, 72} 
{25,37,1,9,13, 26,38, 2,10,14,27,39,3,11,15,0} 
{0,7,6,14,12,21,18,11,4,10,16,25,22,19,12, 26, 
24,33, 30,27,34,32, 41, 38,3 1,36, 45, 42, 37,44, 
51,48, 40, 46, 61, 35,52, 49, 42,37, 44, 51,48, 40, 
46,61,35,52, 49, 42, 56,54, 63, 60,17, 28,21, 20, 
29, 36,34, 43, 50,57,47,58,55,62,69, 66,35, 23} 


It is left as an exercise for the reader to find the classical matrix 
product of B x A and show B x A#A xB. 


However for the sake of readers satisfaction we would 
take a subset matrix of order 2 x 2 andshow Ax B#Bx A. 


3,0,6,1 4,7,9,1 
Consider A = i pt } | 


{1,2,0}  {1,5,0,10} 
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_ 7 {2,1,0,10}  {4,7,9,) 
1,2,0} — {1,5,0,103 


| two 2 x 2 subset matrix from 


P = {collection of all 2 x 2 subset matrices with entries from 
P(Z) or P(Q) or P(R) 


= (t | / a; € P(Z) or P(Q) or P(R): 1 <i <4}. 
a a 


3 4 


We find the classical product A x B and B x A and find if 
Ax B=BxA or not. 


uta | ee) Pee aM a 


{6,10} {I} {7} {1,20} 
We find A x B= ee | : a ue 
{6,10} {I {T} {1,20} 


_ [{0,1} x {5,4} + {2,5} x {7} {0,1} x {3,10} + {2,5} {1,20} 
~ | {6,10} x {5,4} + {1} x {7} {6,10} x {3,10} + {1} x {1,20} 
[ £5,4,0}4 {14,35}  {0,3,10} + (2,5, 40,100} | 
| {30,50, 24,40} + {7} {18,30,100, 60} + {1, 20} | 


{2,5,40,100,8, 43,103, | 
{19,18,14,35,39, 40} 


12,15, 50,110} 
{19,31,101,61,38, 50, 


37,57,31,47} 
120,80} 


pxa-[ eee ol 
(7} {1,20} | 16,10) th} 
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{5,4} x {0, 1} + {3,10} x {6,10} {5,4} x {2,5} + {3,19} x {I} 
{7} x {0,1} + {1,20} x {6,10} {7} x {2,5} + {1,20} x {1} 


_ [{0,5,4} + {18,60,30,100} {10,8,25,20} + {3,10} 
| {0,7} + {6,10,120,200} {14,35} + {1,20} 


[ {18,60,30,100,23,65,35 {13,11,28, 23, 20,18, 25 
105,22,64,34,104} 30} 
{6,10,120,200,13,17, 


{15,36,34,55} 
127,207} 


Clearly B x A #A ~x B evident from the equation I and II. 
Thus {P, x (classical)} is a non commutative subset monoid of 
infinite as 


_| th 103 ied ; 
I= € P serves as the subset identity matrix. 
{0} th 


(OF... tO} 
{0} th... 0} 


Suppose In = is the subset identity 


{0} {0} ... {I} 
under classical matrix product of n x n square subset matrices. 


We see {P, min x (classical matrix product} is a non 


commutative subset topological space of subset square matrices. 


Next we proceed onto describe minmax and maxmin 


product in subset square matrices. 
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Let P = {2 x 2 subset matrices with entries from P(Z)} = 


{collection of 2 x 2 subset matrices with entries from P(Z)}. 


Let A= Pe (0, | and B= be I el eP 
{1, 2} {5,6} {0,5} {7,2} 


min{max{A, B}} 


; i a ae noe 

= min{max{ > }} 
{1,2} {5,6} {0,5} {7,2} 
_ min {max { {3, 7,8}, {2,1} }, max { {0, 4} {0,5}} 
min {max { {1,2} {2,1} }, max { {6,5}, {0,5} }} 


min {max { {3, 7,8}, {1,3,0}}, max { {0,4} {7, 2} } 
min {max { {1,2} {1,3,0} }, max { {6,5}, {7,2}} 


[ min{ {3,7,8}, (0,4, 5} } min { {3,7,8}, {7,2,4}} 
| min{ {1,2}, {6,5}} min{{1,2,3},{6,5,7}} 


_ [10,3,4,5} 3,2,4,7} 
esi Aipoes - 


min{max {B,A}} 


{2,1} a be eal 


= min {max { bs 5} {7,2} {1,2} {5,6} 
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min {max {0,5}, {3, 7,8}}, max { {7,2}, {1,2}} 


min {max {2,1}, {0,43}, max { {1,3, 0} {5,6} } 
min {max {0,5} {0,4} }, max { {7,2}, {5,6} } 


{max { {1,2}, {3, 7,8} },max { {1,3, 0} {1,2}} 


_[ min{{3,7,8}, {1,3,2}},min{ {2,14} {5,6}} 
~ | min{ {3,7,8,5}, {7,2} },min { {7, 5, 6}, {0,4,5}} 


_[ 03,2} {2,14} ; 
~ | 42,3,5,7} {0,4,5} “s 


Clearly I and II are distinct, hence 
min{max{A, B}} #4 min{max {B, A}. 


So min max operation on subset square matrices is non 


commutative. 


In view of this we claim {P, min, min max}, {P, max, 
min max}, {P, U, min max}, {P, 4, min max}, {P, +, min max} 
and {P, x, min max} are 6 distinct subset non commutative 


topological spaces. 
If we take on the other hand 
{P, x-classical product of subset matrices, min max} 


is defined as the doubly non commutative subset topological 


space as both the subset semigroups {P, min max} and 


{P, x-classical subset matrix product} are non commutative. 
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Now consider the operation max min on subset square 


matrices A and B just given earlier 


max {min{A, B}} 
ee S he ed 
= max {min{ , } 
{2} {5,6} | |t0,5} {7,2} 


_ | max {min{ {3,7,8}, {2,1} },min{ {0,4}, {0,3} } } 
i. max {min{ {1,2}, {2,1}}, min { {5,6}, {0,5}}} 


max {min { {3, 7,8}, {1,3, 0}}, min{ {0,4}, {7,2}}} 
max {min {1,2}, {1,3,0}}, min { {5,6}, {7,2}}} 


_ | min{{3, 7,8}, {7,2,4}} ss {1,2,3} {1,0,3,4,2} -_ 
~ | min{ {1,2,3}, {6,5,7}} {12,5}  {2,5,6} = 
max {min{B,A}} 
: be 1} 7 ed {0, a 
= max {min{ ; yh 
{0,5} {7,2} {1,2} {5,6} 


_ [max {min{ {2,1},{7,3,8}}, min {{1,3, 0}, {1,2}}} 
~ | max {min { {0,5}, (3, 7,8} },min{ {7,2}, {1,2} }}} 


max {min { {2,1}, {0,4}}, min { {1,3, 0}, {5, 6}}} 
max {min { {0,5}, {0,4} }, min { {7, 2}, {5,6} }} 


_ | max{{1,2},{0,1,2}} max{{0,1,2}, {0,1,3}} 
5 max {0,3,5},{1,2}} max{ {0,4}, {2,5,6}} 
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.1V 


fF 2} (0,1,2,3} 
| 3,5,1,2} {2,5,6,4} 


Ill and IV are distinct hence the operation maximum is non 


commutative. 


In view of this we can say {P, max min} is a non 


commutative semigroup. 


Thus this leads to the fact that {P, max, max min}, {P, 
min, maxmin}, {P, U, maxmin}, {P, 4, max min}, {P, + max 
min} and {P, x maxmin} are all non commutative topological 


spaces of subset square matrices. 


Finally we will using these concepts in the following 
chapter to building non commutative topological spaces of 


linguistic square matrices. 
We suggest the following problems. 
SUGGESTED PROBLEMS 


1. Let V be the linguistic variable related with the height of 
people. 


a) Is the linguistic set associated with the ling 
variable V a linguistic continuum or a linguistic 
partially ordered set or a linguistic totally ordered 
set? 


b) How many linguistic topological can be built 
using this V? 
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2: Let V be the linguistic variable associated with the yield 


of paddy. 
a) Find the linguistic set S associated with it. 
b) Is S a linguistic continuum justify your claim? 


c) Will S be a totally ordered set? 


d) Can we say S is just a finite set? Substantiate your 


claim! 
e) Will S be atleast a partially order set? Justify. 


f) Will S be having several linguistic continuums? 


Justify your claim. 


3: Distinguish between the linguistic topological spaces and 


the classical topological spaces. 


4. Characterize those linguistic variables which give way to 
linguistic topological spaces. 


>. Enumerate all those common features enjoyed by both 
classical topological spaces and linguistic topological 
spaces. 


6. Give an example of non commutative linguistic 


topological spaces. 


7. Let V be the linguistic variable associated with age of 
people. Let S = [youngest, oldest] be the linguistic set 
associated with V. 
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Gi SB “Bi yp Ae 

as 4, Ag ay ayy 
M={/a, a) 4, a, a,|/aeES 

Aig yp Aig yy Ag 

Ay, Ag, Ag3 Any As 


= [youngest, oldest] 1 < i < 25} be the 5 x 5 linguistic 


square matrices. 


1) Prove {M, max} is a linguistic commutative 


monoid. 


ii) What is the linguistic identity of M under max 
operation? 


iii) Prove {M, min} is a linguistic commutative 


monoid of infinite order. 


iv) What is the linguistic identity of M with respects 


to min operation? 
v) Compare the linguistic identities in II and IV. 


vi) Prove {M, max, min} is a linguistic topological 


space of finite order and it is commutative 
vil) Is {M, min max} a commutative operation? 
vili) Prove {M, max min} is a linguistic semigroup. 


ix) Is {M, max min} a ling monoid? Justify your 


claim. 
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x) Can we say {M, min max min} and {M, max, 
max min} are linguistic topological spaces of 
infinite order which is noncommutative? Prove 
your claim. 

xi) Prove {M, min max} is a linguistic semigroup 
and not a linguistic monoid. 

xii) Prove {M, max, min max} and {M, min min 
max} are non commutative linguistic topological 
spaces of infinite order. 

xiii) Will {M, max, min, min max} be a linguistic 
topological space? Justify your claim. 

xiv) Can {M, max, min max} the linguistic 
topological space have finite order linguistic 
topological subspaces? 

XV) Can {M, max min, min max} be defined as 
strongly non commutative linguistic topological 
space? Prove or justify your claim. 

8. Can we have linguistic topological spaces which are not 


linguistic topological square ling matrices? 


9. Let V be the linguistic variable associated with height 


people. S = [shortest, tallest] be the linguistic variable 


associated with V. 


/a,€S;1<i< 18} 
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be the 3 x 6 ling matrices. 


i) Prove {N, min} and {N, max} all linguistic 


monoids of infinite order. 


ii) Prove {N, min, max} is a linguistic topological 


space of infinite order which is commutative. 


iii) Can any linguistic submonoid of {N, min} be a 
linguistic submonoid of {N, max}? Justify your 


claim. 


iv) Can {N, min, max} have linguistic topological 
subspaces of finite order? Substantiate your 


claim. 


v) Give four linguistic topological subspaces of {N, 


min, max} which are of infinite order? 
vi) Prove or disprove every subinterval 


I c [shortest, tallest] = S is a linguistic 
topological subspace {M min, max} of {N, min, 


max}, where 


ay a, a 
M={|/a, a, ... a, |/aiel1<i< 18}. 
a, a a 


vii) Will {M, max} and {M, min} be linguistic sub 


monoids of infinite order? 


viii) | Will every proper subset P of finite order in S be 
such that 
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10. 


a, a, a, 
{J=|a, a, .. a,]|//aeP;1<1i<18}c 
a3 a4 ee aig 


M, min, max} be a linguistic topological 
subspace of {N, min, max} of finite order. Prove 


your claim. 


ix) Will {J, max} be a linguistic submonoids of finite 
order? What is the linguistic matrix identity of 


{S, max}? 
x) Study question (ix) relative to {J, min}. 


Xl) Find any other special features enjoyed by 


{J, min, max} {J given in ix}. 


Will the linguistic variable V; colour of the eyes of 
internationals pave way to a totally orderable linguistic 
set S. 


Can we say {S, max} and {S, min} can be defined? 


i) If P(S) is the powerset of S; will {P(S), min} be a 


linguistic monoid? 
ii) Will {P(S), max} be the linguistic monoid? 


iii) What are the linguistic identities in the linguistic 


monoids given in (i) and (11)? 


iv) Will {P(S), min max} be a linguistic topological 
space analogous to classical topological space. 


11. 


12. 
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Find all the possible linguistic topological spaces 


associated with the linguistic variable height of persons. 


a) How is this linguistic variable different from the 
linguistic variable growth of paddy plants and its 
yield? 


b) Can we build ling monoids using the variable 


mentioned in (a)? Justify your claim. 


c) Show by examples that all linguistic variables 
cannot be yield itself to build algebraic structures 


as its associated linguistic sets. 


Let V be the linguistic variable weight of people. 
S = [lowest, highest] be the linguistic set associated with 
it. 


Suppose W = {collection of all 9 x 9 linguistic square 


matrices with entries from S}. 


i) Prove {W, UL}, {W, a}, {W, max} and {W, min} 


are linguistic monoids. Are these distinct? 


il) Prove {W, min max} and {W, max min} are 
linguistic semigroups of infinite order which are 


not commutative. 


iii) Find lying subsemigroups of finite and infinite 
order in case of linguistic semigroups mentioned 
in (11) 

iv) Prove {W, U, M} and {W, U, min max}, {W, , 


max min}, {W, U, max min} and {W, ©, min 


212 | Special Subset Linguistic Topological Spaces 


vii) 


viii) 


xii) 


xiii) 


max} are 5 distinct linguistic topological spaces 


of square linguistic matrices. 


Prove only {W, LU, M} is a commutative ling 


topological space of square linguistic matrices. 


What is doubly non commutative linguistic 
topological space? 


Can we say {W, min max, max min} is a doubly 
non commutative linguistic topological space of 


infinite order. 


Obtain any other special feature enjoyed by the 
doubly non commutative linguistic topological 


space in general. 


Can we say {W, min max, max min} be a 


linguistic semiring? Justify your claim. 


Can we say {W, U, min max} is a linguistic non 
commutative semiring of infinite order on the 


linguistic square matrices. 


Is {W, U, M} a linguistic commutative semiring 


of linguistic square matrices? 


Can we see {W, A, U} = {W, min max}? Justify 


your claim! 


Will {W, min max} be a linguistic monoid of 


linguistic square matrices? 


14. 


15. 


16. 
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Characterize linguistic topological subspaces of 
{N, max, min max} where N = {collection of all 
7 x 7 linguistic matrices with entries from S} 
where S = [lowest, highest] the linguistic set 
associated with the linguistic variable V; the 
temperature (whether) report for 10 days. 


a) Find atleast 5 linguistic topological 
subspaces of {N, max, min max} of finite 


order. 


b) What can be least order of the linguistic 
topological subspaces of {N, max, min 


max}? 


c) Can we say {N, max, min max} has 
infinite number of linguistic topological 


subspaces of matrices? Justify your claim. 


Obtain any other property enjoyed by linguistic 
topological spaces which are non commutative square 


matrices. 


Is it possible to construct non commutative linguistic 
topological spaces in any other way other than the ones 
mentioned in this chapter? 


Construct a subset topological space using P(Q) (Q the 
field of rationals). 


i) Prove or disprove {P(Q), U} and {P(Q), max} are 
different. 
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17. 


18. 


ii) Will {P(Q), U, max} be a special subset 


topological space? 


iv) Can we say {P(Q), U, max}, {P, U, min} and 
{P(Q), max, min} are subset semirings? Justify 


your claim. 


a, a, 
Let M = { 
a, a 


4 5 


a 
i / a; € P(Z), P(Z) the power set 
a, 


of integers 1 <1 <6} be the subset matrix. 


i) Prove {M, U, M} is a special topological space of 


subset matrices. 


ii) Prove {M, U, max} and {M, m, max} are also 


subset topological spaces of subset matrices. 


iii) Can we say {M, min, max} is a subset semiring 


of subset matrices? 


iv) Will {M, min max} be a subset topological 


space? Justify your claim. 


v) Can we define any noncommutative operation on 
M? 


Let B = {collection of all 5 x 5 subset square matrices 
with entries from P(R); P(R) the power set of reals R}. 


1) Prove {B, max min} and {B, min max} are two 
distinct non commutative subset semigroups of 


matrices? 
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i) Can we say {B, min max} and {B, max min} are 
subset monoids? If so find the respective identity 


matrices? 


ili) Prove {B, U, min max} is a non commutative 
special topological space of square subset 


matrices. 


iv) How many special topological space of square 


subset matrices can be built using B? 


v) Will {B, U, min max}, {B, A, min max}, {B, min 
minmax}, {B, max, min max} be non- 
commutative subset semirings of subset square 


matrices? If no why? 


vl) Can we say {B, max min, min max} is a doubly 
non commutative subset special topological 


space of square matrices. 


vii) Will {B, max min, x (usual product)! be a non- 
commutative doubly non commutative subset 


special topological space of subset matrices? 


viii) Will {B, min max, x} be a subset special 
semiring of subset square matrices which is non 


commutative? 


Chapter Three 


SPECIAL SUBSET LING TOPOLOGICAL SPACES USING 
LING SQUARE MATRICES 


In this chapter, we for the first time, introduce the notion 
of ling-special subset topological spaces using ling matrices and 
ling square matrices. We call them special because we do not 


use the classical way of dealing with ling subsets. 


We show first examples of the operation on ling-subsets 


and then extend it to ling-subset matrices. 


Example 3.1. Let V be the ling variable height of people. 
S = [shortest, tallest] is the ling set associated with V. Clearly S 


is a ling continuum and S is a totally ordered set. 
Let P(S) be the power set of S. Let 


A = {short, very short, tall, just tall, very tall, medium height, 
very very short, just short} and 


B = {short, just short, very very tall, tallest, just tall} € P(S) 
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min {A, B} = min{(short, very short, tall, just tall, very tall, 
medium height, very very short, just short), (short, just short, 
very very tall, tallest, just tall)} 


= (min{short, short}, min{very short, short}, min{tall, short}, 
min {just tall, short}, min {very tall, short}, min {medium height, 
short}, min{very very short, short}, min{just short, short}, 
min{short, just short}, ... min{just short, just short}, ..., 
min{short, just tall}, min{very short, just tall}, ..., min {just 
short, just tall}) 


= (short, very short, just short, just tall, tall, very tall, medium 
height, very very short) € P(S) . 1 


max{A, B} = max{(short, very short, tall, just tall, very tall, 
medium height, very very short, just short), (short, just short, 
very very tall, tallest, just tall)} 


= {max {short, short}, max {short, just short}, max {short, very 
very tall}, max{short, tallest}, max{short, just tall}, max {very 
short, short}, ..., max {very short, just tall}, ..., max {just short, 
short}, ..., max {just short, just tall} } 


= {short, very very tall, tallest, just tall, just short, tall, very tall, 
medium height} . ll 


max{A, B} € P(S). 


Clearly max {A, B} # min{A, B} as the equations I and II 


are distinct. 


Now we use this max and min operations are ling subset 


matrices. It is pertinent to keep on record {P(S), max} and 
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{P(S), min} are subset ling monoids of infinite order. Further 
{P(S), min, max} is a special subset topological space which is 


commutative and is of infinite order. 


We first illustrate how we build ling subset matrices and 


define max or min operations on them. 


Example 3.2. Let V be the ling variable associated with age of 
people. S = [youngest, oldest] be the ling set which is the ling 
continuum associated with V. P(S) be the ling power set of the 


ling continuum S. 


Suppose M = {collection of all 1 x 4 ling subset row matrices} 
= {(a1, a2, a3, a4) | ai € P(S), 1 <i <4}. 


We define on M min and max operations. 


Let A = ({young, old, very old}, {just young, just old}, {very 
old, old, very young}, {very old, old}) and 


B = ({old, just old, middle age}, {old, young}, {very old, 
young}, {young, old, middle age}) e N 


min {A, B} = min{({young, old, very old}, {just young, just 
old}, {very old, old, very young}, {very old, old}), ({old, just 
old, middle age}, {old, young}, {very old, young}, {young, old, 
middle age})} 


= (min{{young, old, very old}, {old, just old, middle age}}, 
min{ {just young, just old}, {old, young}}, min{ {very old, old, 
very young}, {very old, young}}, min{ {very old, old}, {young, 
old, middle age} }) 


Special Subset Ling Topological Spaces ... | 219 


= ({young, old, just old, middle age}, {(just young, just old, 
young}, {very old, old, very young, young}, {old, young, 
middle age}) € M wl 


Thus {M, min} is ling subset row matrix semigroup, in 


fact a ling subset row matrix monoid 


I=({S}, {S}, {S}, {S}) © M is such that min{I, A} =A 
for all A e M. 


Now for the same A, B € S we find 


max {A, B} = max{({young, old, very old}, {just young, just 
old}, {very old, old, very young}, {very old, old}), ({old, just 
old, middle age}, {old, young}, {very old, young}, {young, old, 
middle age})} 


= {(max{{young, old, very old}, {old, just old, middle agge}}, 
max { {just young, just old}, {old, young}}, max { {very old, old, 
very young}}, max{{very old, young}, {young, old, middle 
age} }) 


= ({old, just old, middle age, very old}, {old, young, just old}, 
{very old, old, young}, {very old, old, young, middle age}) 
call 


Clearly I and I are distinct max {A, B} € M. 


Further {M, max} is a long subset matrix monoid. The ling 
subset matrix identity being () = ({o}, {0}, {o}, {o}) e€ M is 
such that max {A, ()} = A for all A e M. 
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Clearly {M, min, max} is a special subset topological 


space of subset row matrices. 


Now for this special subset topological space we can have 
special subset topological subspaces of both finite and infinite 


order. They are infinitely many. 


We will provide one or two examples of the same and 


proceed to develop different types of operations on them. 


Consider the ling subcontinuum S; = [middle age, oldest] 
cS, P(S:) the ling power set of S:; P(S1) c P(S). 


Let N ={collection of all 1 x 4 ling subset row matrix with 
entries from P(S:)} = {(di, do, ds, da) | di € P(S1); 1 <i<4}cM 
= {(al, a2, a3, a4) | ai € P(S); 1 <i <4}. 


It can be verified {N, max} is a ling subset submonoid of 
ling subset row matrix of infinite order of {M; max}. Similarly 
{N, min} is again a ling subset submonoid is ling subset 
submonoid of ling subset row matrices of infinite order of {M, 
max}. Similarly {N, min} is again a ling subset submonoid of 


ling subset row matrices of infinite order of {M, min}. 


Thus {N, min, max} is a ling special subset topological 
subspace of {M, min, max} of ling submatrices of infinite order. 


Having seen ling sub structure of infinite order we 


proceed onto give examples of ling substructures of finite order. 


Consider S2 ={young, just young, old, very old, middle 
age, very very young, just old} cS (S) is a finite subset of S 


since S is a totally order ling set so is Sz). 
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P(S2) be the ling powerset of S2 P(S2) < P(S), is also a 
finite order ling subsets of P(S). 


Let Q = {collection of all 1 x 4 ling subset row matrices 


with entries from 
P(S2)} = {(Ci, C2, Cs, Ca) | Ci € P(S2); 1 <i<4} cM 


is a finite collection of ling subset row matrices. {Q, max} is a 
ling subset matrix submonoid of {M, max} and {Q, min} is 
again a ling subset matrix submonoid of {M, min}. Infact {Q, 
min, max} is a ling special topological subset subspace of ling 
subset matrices of finite order. 


Having seen special subset topological subspaces of both 
finite and infinite order, we proceed to work for 


noncommutative structure. 


Example 3.3. Let V be the ling variable associated with the 
weight of people. S be the ling set associated with V. 


S = [lightest, heaviest] be the ling set which is a ling continuum, 


so S is a totally ordered set. 


Let T = {collection of all 6 x 1 ling subset column 
matrices with entries from P(S); where P(S) is the ling power 
set of S} 


a, : 
= { /a, € P(S); 1 <i< 6} 
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{T, min} and {T, max} are ling subset monoids of subset ling 


column matrices 


{T, min, max} is a ling subset special 


topological space of subset ling column matrices. 


We leave the task of finding finite and infinite 


substructure in them. 


Now we give yet another example of a 5 x 3 ling subset 


matrices. 


Let L = {collection of all 5 x 3 ling subset matrices with 
entries from P(S)} 


a, 
a4 
a, 


Ay 
a 


13 


a, 
as 
ag 
ay 
a4 


/a, € P(S); 1<i< 15}. 


{L, min} and {L, max} are ling subsets monoids of 5 x 3 


ling matrices. 


We see {L, min, max} is a special ling subset topological 


space of ling subset matrices. 


Let D = {collection of all 3 x 3 ling subset matrices with 


entries from 


a; 


P(S)} = t] a, 
a 


/a € P(S); 1<i<9}. 
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It is easily verified {D, min} and {D, max} are 
commutative ling subset square matrix monoid of infinite order. 


We see {D, min, max} is clearly a ling subset square 
matrix special topological space of infinite order. 


Only using these square ling matrices we can build non 
commutative special subset ling matrices of monoid and 
consequently build special subset topological spaces of square 


ling subset matrices. 
Now we find min{max{A, B}} where A and B ¢€ E. 


where E = {collection of all 2 x 2 subset ling matrices with 
entries from P(S)} 


3 4 


a, a, 
= { /a € P(S); 1 <i< 4}. 
a a 


{light, very light, {light, 


h h 
Consider A = aie Very Rea and 
{very heavy, {heavy, very 
heavy, light} light} 


{very light, very {heavy, light, 
_| heavy,medium weight} —veryheavy} 
flight, light, heavy, 
very light} very light} 


We find min{max {A, B}} 
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{light, verylight {light, very 


heavy} heavy} 
= min {max { : 
{veryheavy, _{heavy, very 
heavy, light} light} 


{verylight, veryheavy {heavy, light, 
medium weight very heavy} 


light, heavy, 
fiaivenien. “2 ee 
very light} 


min{max{ {light, very light, heavy}, 
{very light, very heavy, medium wt} }, 
max { {light, very heavy}, {very light, 
light} } 
min {max { {very heavy, heavy, light}, 
{very light, very heavy, medium weight} }, 
max { {very light, heavy}, {light, 
very light} }} 


min {max { {light, very light, heavy}, 
{heavy, light, very heavy} },max { {light, 
very heavy}, {light, very light, heavy} } 
min {max { {very heavy, heavy light}, 
{heavy, light, very heavy} }, max { {heavy, 
very light}, {light, heavy, very light} }} 
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min { {light, very heavy, medium wt, 
very light, heavy}, {light, very heavy} } 
min { {very heavy, heavy, light, {very light, 
light, medium wt}, heavy} } 


min { {heavy, light, very heavy}, {light, 
very heavy, heavy} } 
min { {very heavy, heavy, light}, {heavy, 
light, very light} } 


{light, very light, . 
: ; {light, heavy, very heavy} 
heavy, very light, medium wt} 


light, light, h ; i 
‘lig very light, heavy fheavy, light, very light} 
medium wt} 
min{max {A, B}} © E. 
min{max{B, A}} = 


{very light, veryheavy, {heavy, light, very 


medium wt} heavy} 
min {max { F 
light, heavy, 
dishivaphe. ve eee 
light} 


{light, very light, {light, 
heavy} very heavy} 


{very heavy, {heavy, very 
heavy, light} light} 
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min {max { {very light, very heavy, 
medium wt}, {light, very light, heavy} } 
max {heavy, light, very heavy}, {very heavy, 
= heavy, light} }} 
min{max { {light, very light}, {light, very light, heavy}}, 
max { {light, heavy very light}, {heavy, very heavy, 
light} }} 


min {max { {very light, very heavy, medium wt} }, 
{light, very heavy} }, max {heavy, light, very heavy}, 
{heavy, very light} }} 
min {max { {light, very light}, {light, very heavy}}, 
max { {light, heavy, very light}, {heavy, very light} } } 


min{ {light, verylight,heavy min{ {light, very heavy, medium 
very heavy, medium wt} wt}, {heavy, light, very heavy} } 


min{ {light, very light, inf flight h 
heavy}, {light, very light je a cee oe 


flight, very light, heavy} } 
heavy} } 


{light, verylight,heavy, {light, heavy, very heavy, 
= | very heavy, medium wt} medium wt} II 


{light, very light, heavy} {light, heavy, very light} 
Clearly equations I and II are distinct. 
Hence min{max{A, B}} # min{max{B,A}}. 


Thus we see {E, min max} is a ling subset square matrix 


semigroup which is non commutative and is of infinite order 1. 
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Now for the same A and B in E we find 
max {min {A, B}} and max{min{B, A}}. 
max {min{A, B}} 
{light, very light, 
heavy} 
= max {min{ 


{very heavy, light 
heavy} 


{light, very heavy} 


{heavy, very light} 


{very light, veryheavy, {heavy, light, very 


medium wt} heavy} 1) 
light, heavy, 
dionventen:. oes 
light} 


max {min { {very light, light, heavy}, 
{very light, very heavy, medium wt} }, 
min { {light, very heavy}, {light, very light} } } 
max {min{ {very heavy, light, heavy}, {very 
light, very heavy} }, medium wt}, 
min { {heavy, very light}, {light, very light} } } 


max {min{ {light, very light, heavy}, 
{very light, very heavy, medium wt} }, 
min { {light, very heavy}, {light, heavy 
very light} }} 
max {min { {very heavy, light, heavy} {heavy, light, 
very heavy} },min {heavy, very light}, {light, heavy, 
very light} }} 
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max { {light, very light, medium wt, 
heavy}, {light, very light} } 
max { {heavy, very heavy, very light, light, 
medium wt}, {light, very light} } 


max { {light, very light, heavy}, {light, 
very light, heavy} } 
max { {very heavy, heavy, light} 
{heavy, very light, light} } 


theavy, light, very light, {light, very light, 
medium} heavy} 


{heavy, light, very light, {very heavy, heavy 
very heavy, medium wt} light} 


Clearly max {min{A, B}} © E. We find 
max {min{B,A}} = 


very light, very heavy, . 
ively oe Orne {heavy, light, very heavy} 
medium wt} 
max {min { 
{light, heavy, very 


light, very light 
{light, very light} light) 


{light, very light, 
heavy} 


heavy, h 
tery ees a {heavy, very light} 
light} 


{light, very heavy} 
}}. 
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max {min { {very light, very heavy, medium wt}, 
{light, very light, heavy} }, min { {heavy, light, 
very heavy}, {very heavy, heavy, light} }} 
max {min { {light, very light}, {light, very light, 
heavy}},min{ {light, heavy, very livht}, {very 
heavy, heavy, light} } 


max {min { {very light, very heavy, medium wt{, 
{light, very heavy}},min{ {heavy, light, 
very heavy}, {heavy, very light} } 
{max {min { {light, very light}, {light, very heavy}, 
max {min {light, heavy, very light}, 
{heavy, very light} } 


max {light, very light, heavy, medium weight}, 
{light, heavy, very heavy} } 
max { {light, very light}, {light, very light, 
heavy} } 


max { {very light, light, very heavy, medium wt}, 
{heavy, very light, light} } 


max { {light, very light}, {very light, 
light, heavy} } 


{light,heavy,medium wt, {heavy, very light, light, 
= very heavy} very heavy, medium wt} | ... IV 


{light, verylight,heavy} _{light, very light, heavy} 


Clearly max {min{B,A} e€ E. 
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Further the equation III and IV are distinct. Thus max 
min{A,B} # max {min{B,A}}. 


Hence {E, max min} is a subset ling semigroup of subset 


ling square matrices which is non commutative. 


We see in view of this {E, max, max min} and {E, min, 
max min} are non commutative special subset ling topological 


space of ling subset square matrices. 
The formal abstract definition is given in the following. 


Definition 3.1. Let V be a ling variable S be the ling set 
associated with this ling variable V such that S is a totally 


ordered ling set. 


Let m1 and n2 be two distinct operations defined on S. We 
define {S, 11, 42} to be doubly non commutative ling topological 


space if and only if 
i) {S, nf} is a ling noncommutative semigroup. 
ii) {S, 12; is again a ling non commutative 
semigroup. 


We can prove the existence of such doubly non 


commutative ling topological spaces. 


The following theorem infact proves the existence of a 
large class of doubly non commutative ling topological spaces. 


Theorem 3.2. Let V be a ling variable such that the ling set S 


associated with V is a totally ordered set. 
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P(S) be the ling power set of S. 


Let M = {Collection of all n x n ling subset square 


matrices with entries from P(S)} 


mM, mM mM, 
m m 
={{ 2 >” *" | | my € P(S); 1 <i, j <n}. 
M1 M,,2 My 


Then {M, min max, max min} is a doubly noncommutative 


special subset topological space of subset ling square matrices. 


Proof. Clearly {M, min max} is a subset ling semigroup of ling 
subset square matrices as for any A, B € M; it can be clearly 
proved min{max{A, B} # min{max{B, A}}. Hence the claim. 
Similarly max{min{A, B} #4 max{min{B,A}} their by making 
the ling subset semigroup of square matrices to be non 


commutative. 


Thus {M, max min, min max} is a doubly non 
commutative special subset ling topological space of subset ling 


square matrices. Hence the claim. 


Now we can have special ling topological subset 


subspaces of both finite and infinite order. 


We can have only 4 non commutative special subset ling 
topological spaces of ling subset square matrices give by {M, 
min, max min}, {M, max, max min}, {M, min, min max} and 
{M, max, min max}. However in case of reals or rationals using 
square matrices we have several of them which is elaborately 
discussed in chapter II of this book. 
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We have introduced them and described and discussed 
them mainly keeping in mind this very notion is new and needs 
some sort of repetition will help the reader to work and 
understand these concepts easily. 


We can have only one doubly non commutative ling 
special subset topological space of subset ling square matrices. 


On the contrary in case of ling special subset topological 
spaces or special ling non commutative special subset 
topological spaces can be many for depending on the ling 


variable we get them. 


For instance we can build ling doubly non commutative 
special subset topological spaces of square ling subset matrices 
for long variables such as height of people, age of people, 
weight of people, performance aspects of students or teachers or 
workers. Weather report (like temperature or rainfall ‘or’ used 
in the mutually exclusive sense), density of plantation and so 


on. 


In all these cases basically we need ling set associated 


with the ling variable to be a totally ordered set. 


If we do not have the ling variable contributing to a 
totally ordered set still we can have the classical type of 
topological spaces constructed using the ling power set P(S) 


(S the ling set associated with the ling variable). 


Now {P(S), U m} will be the classical ling topological 
space. We call them classical as S is any set and in particular 
here S is a ling set. So classicality plays a vital role in its 


construction. 
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We will for the sake of completeness give some 


examples. 


Example 3.4. Let V be the ling variable associated with the 
quality of mango fruits from a particular mango grew. Mangoes 


vary in size, sweetness, colour and so on. 


Let S = {big, small, very small, very ripe, just ripe, ripe, 
sweet, very sweet, bitter, insipid, very big, just big, green, 
yellow, orange and so on} be the ling set. 


Clearly S is not a totally ordered ling set. Let P(S) be the 
ling powerset of S. 


{P(S), U, A} is the classical ling topological space. 


Example 3.5. Consider the ling variable colour of the eyes of 
itnernationals. S = {brown, dark brown, light brown, black, 
green, blue, amber} be the ling set. P(S) be the ling power set of 
S. {P(S), U, A} is the finite order ling classical topological 


space. 


Example 3.6. Let V be the ling variable associated with the 
weather in a month. S = {rain, heavy rain, light rain, drizzle, 
hot, very hot, just hot, neither hot, not cold, just cold, very cold, 
very breezy, thunderstorm and so on}. 


We cannot order them fully. 


However {P(S), U, M} is a ling classical topological 


space. 


Thus having seen classical as well as non classical ling 


topological spaces we proceed on to suggest a few problem for 
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the reader. By solving these problems the reader may have a 


better understanding of these new concepts. 


SUGGESTED PROBLEMS 


1. 


Give an example of ling variable which can yield only a 


classical ling topological space. 


Give examples of ling variables which can yield only a 
ling topological space which is classical and is 


commutative but different from problem (1). 


Give examples of ling variables which give way to 
special subset noncommutative ling topological spaces of 
finite order. 


Consider the ling variable V temperature of weather in 24 
hours. S = [oldest, hottest] be the ling continuum 
associated with the ling variable V. 


1) Prove {S, min max} is akin to a classical ling 


topological space. 


il) Prove {P(S), U, Mm} can be a classical ling 
topological space or otherwise depending on 


how U and - are defined on elements of P(S). 


iii) Let M = {collection of 5 x 5 ling subset square 


matrices with entries from 
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ay a> ais 
a a oe A 

P(S)}}=| 2 P  |/ aij € P(S) 
a a a 


55 


LSaL155) 
Prove {M, min} is a subset ling square 
matrix monoid which is commutative. What 


is its ling matrix identity? 


Is {M, max} a ling subset square matrix 
monoid? Does it have a ling matrix 


identity? 


Prove {M, ™} is a ling monoid of subset 


square matrices. 


Establish {M, } is different from 
{M, max} and {M, min} 


Prove {M, VU} is a ling monoid of subset 


square matrices. 


Find the ling identity of {M, VU}. 


6 > .. o 
Can we say () = : : af : eM 
b> .. o 


is the ling identity with respect to ~? 
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v) 


vi) 


vii) 


g. Prove {M, max}, {M, min} and {M, } are 
3 different ling subset square matrix 
monoids different from {M, VU}; the ling 


subset square matrix monoid. 


h. Will {M, max} and {M, VU} have the same 


subset ling square matrix as its ling identity. 


i. Does the ling square matrices {M, M} and 
{M, min} enjoy same type of ling square 


identity? (Justify or prove your claim). 


Prove {M, max, min} is a ling topological space 
of subset square ling matrix. 


a) Is {M, max, min} a commutative ling 
special topological space? Justify your 


claim. 


Prove {M, U, M} is a ling topological space of 
subset square matrices (under usual classical 
intersection of subsets). 


Are the two ling topological spaces {M, max, 
min} and {M, U, M} identical or distinct? Prove 


your claim. 


Prove {M, max min} is a ling subset monoid of 


ling subset square matrices. 


a. Is {M, max min} commutative? Prove your 


claim. 
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vili) | Prove {M, max, max min} is a ling subset special 


topological space of ling subset square matrices? 


a. Is {M, max, max min} a commutative 
special topological subset space? Prove 


your claim. 


ix) Prove {M, min, max min}, {M, U, max min} and 
{M, , max min} are 3 distinct subset special 
ling topological space of square matrices 


different from {M, max, max min}, 


x) Is {M, min, min max} a special subset ling 


topological space of subset square ling matrices? 


a. Prove {M, min, min max} is a special 


subset non commutative topological space. 


xi) Prove {M, min, min max}, {M, max, minmax}, 
{M, VU, min max} and {M, 4, min max} are 4 
distinct special ling topological subset spaces of 


ling square subset matrices. 


xii) Describe a doubly non commutative special 
subset ling topological space of ling square 
subset matrices. 


xili) Can we say {M, min max, max min} is a ling 
special subset doubly non commutative 
topological space of ling square subset matrices? 
Justify / prove your claim. 
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xiv) 


5. Let V 


Obtain any other interesting properties associated 
with special subset ling topological spaces in 
general and in particulars subset special ling 
topological spaces which are non commutative 


and doubly non commutative. 


be the ling variable associated with the 


performance aspects of factory workers. S = [worst, best] 


be the ling continuum associated with V. 


il. 


ill. 


Iv. 


vi. 


Vil. 


Viil. 


Prove S is a totally ordered ling set, 


Prove{S, U, M} is a topological ling space like 


classical topological spaces. 
Is {S, min, max} a ling topological space? 


Are these ling topological spaces {S, U, 4} and 
{S, min max} identical or distinct? Prove your 


claim. 


Find finite ordered ling  subtopological 
subspaces? 


Is the number of infinite ling subtopological 
spaces of {S, U, A} infinite or finite? Prove 


your claim. 


Prove {P(S), ©, U} is akin to the classical 


topological space? 


Find the differences between {P(S), U, A} and 


{S,U, a}. 


1X. 


X1. 


Xil. 


xii. 


XIV. 


XV. 


XVI. 


XVII. 
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Find finite order ling subspace of {P(S), U, A}, 


Are they finite in number or infinite in number? 


Justify your claim. 


Prove there are infinite number of infinite 
ordered ling topological subspaces of 
{P(S), U, A}. 


Prove {P(S), min, UV} is a ling topological space 
of subsets (where min is defined in the special 


way described earlier). 


Prove {P(S), max, VU} is also a ling subset 


topological space. 


Can we say {P(S), max, U} and {P(S), min, 4} 
are distinct? Justify / prove your claim. 


Prove {P(S), min, VU} is a subset ling 
topological space which is different from 
{P(S), max, U} and {P(S), min VU}. 


Is {P(S), min, M} a special subset topological 
ling space different from {P(S), min, U} {P(S), 
max, U} and {P(S), max, M}? Substantiate / 


prove your claim. 


Obtain any other special feature enjoyed by 
these four types of ling subset special 
topological spaces. 
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xviii. Let B= ( 


XIX. 


XX. 


XX1. 


XXIl. 


Bs ay! aie. veg 


a ig cave “Big 


|iaes 


1 <i < 18} be the collection of ling 2 x 9 


matrices. 


a. Prove {B, U} is a ling commutative 


monoid. Find its ling identity matrix. 


b. Is {B, max} different from {B, UV} 


substantiate / prove your claim. 


C. Is {B, A} a ling commutative monoid of 


2 x 9 ling matrices? 


d. Is {B, min} different from {B, M}? 


Justify/prove your claim. 


Prove {B, U, min} is a ling commutative 


topological space of 2 x 9 ling matrices. 


a. Find ling commutative topological 
subspaces of {B, U, min} of both finite 


and infinite order. 


Is {B, A, min} a ling topological space of ling 
matrices? Justify your claim. 


Is {B, ©, min} different from {B, U, min}? 


Substantiate your answer. 


Compare {B, U, max} with {B, 4, max}? Are 
they different? If so prove it! 
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xxiii. Prove all the four ling topological spaces are 
distinct. 


a 
a 
xxiv. If D= {)a /a, € P(S); 1 <i< 10} 
a 
a 


be the ling subset 5 x 2 matrices is such that 


{D, U} is a ling subset 5 x 2 matrix monoid. 


xxv. Prove {D, VU}, {D, M}, {D, max} and {D, 
min} four distinct ling subset 5 x 2 matrix 


monoids of infinite order 


xxvi. Can {D, min, max} and {D, max min} be 
made into ling subset monoids of 5 x 2 ling 
subset matrices commutative or non 


commutative prove your claim? 


xxvii. Suppose N = {collection of all 3 x 3 ling 


matrices with entries from S} 


a a 


1 z 


={|a, a, a,| whereai e¢S;1<i1<9}. 


ae, ay “Ay 


a. Prove {N, min}, {N, max}, {N, U} and 
{N, M} are four distinct ling square 
matrices of infinite order which are 


commutative!. 
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Xxvili. Can we prove {N, min max} and {N, max 
min} are two distinct noncommutative ling 
matrix monoids? Substantiate / Justify your 


claim. 


a. Find ling matrix submonoids of both 


finite and infinite order. 


xxix. Prove {N, U, max min}, {N, ©, max min}, 
{N, max, max min} and {N, min, max min} 
are four non commutative ling topological 


space of square matrix. 


xxx. Find both finite and infinite ling topological 


sub spaces of square matrices. 


xxxi. Let T = {collection of all 4 x 4 ling subset 


square matrices with entries from P(S) 


a, a, a, 4, 
qo! se in 8 
5 6 7 8 
= { /ai € P(S); 
ay aio ay ayy 
443 a4 a5 16 
1<i< 16}. 
a. Prove {T, U} is a ling subset square 


matrices monoid of infinite order. 
b.  Howis it different from {N, U}? 


c. Prove {T, M}, {T, min} and {T, max} 


are different ling subset square matrices 
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monoids of infinite order which are 


commutative. 


Prove {T, max min} and {T, min max} 
are two distinct ling subset square 
matrix monoids which are non 


commutative. 


IfA= 
{worst, good} {good} 
{very bad, bad, fair} {very bad} 
{very good, bad, {good, bad, 
just bad, good} very bad} 
{fair, good, 


bad, good 
L peepee! bad, just bad} 
{best, good, 
{S} 
very good} 
{good} — {good, bad, just bad} 
{op} {s00d, worst, bad} 
{bad} {bad, good} 
eT. Find A’. 


Prove min {max{A, A'}} #min 
{max{A', At}. 


Prove max{min {A, A'}} # 
max{min{AT, A}} 
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XXXIL. 


XXXII. 


XXXIV. 


XXXV. 


Prove {T, U, max min}, {T, max, max min}, 
{T, ©, max min} and {T, min, max min} are 
four distinct noncommutative special ling 
subset topological space of subset square 


matrices. 


Prove {T, U, min max}, {T, ©, min max}, 
{T, min, min max} and {T, max, min max} 
are four different ling special topological 
space subset square ling matrices. 


Show the four special subset topological 
spaces defined in xxxii and xxxii are 


different. Justify your claim. 


Find special subset topological subspaces of 


both finite and infinite order given in xxxili. 


6. Let V be the ling variable associated with the height 
of 20 people. Let S be the ling set associated with V. 


il. 


iil. 


Iv. 


Is S a totally ordered set? 
Will S be finite or infinite? 


Show {S, min} and {S, max} are ling 


monoids of finite order. 


P(S) be the power set of S. Prove {P(S), 
min}, {P(S), max}, {P(S), M} and {P(S), VU} 
are four distinct ling monoids of finite order 


and are distinct. 


Vi. 


Vil. 


Viil. 
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Uf A = {tall, very tall, short} B = {short, just 
short, medium height tall} € P(S). 


A OB= {tall, short} 


A U B = {tall, short, very tall, just short, 


medium ht} 


min {A, B} = {short, just short, medium 
height, tall} 


max {A, B} = {tall, just short, very tall, short, 
medium height}) 


Prove {P(S), min max} and {P(S), U, M} are 


ling topological spaces of finite order. 


Will {P(S), U, min}, {P(S), U, max}, {P(S), 
A, min} and {P(S), , max} be ling 
topological subset spaces of finite order? 
Justify your claim. 


Let T = {collection of all 3 x 5 ling matrices 
with entries from S}; prove {T, U}, {T, } 
and {T, U, M} are ling monoids of matrices 


and ling topological spaces respectively 


If M = {Collection of all 6 x 6 ling matrices 
with entries from S}; prove {M, U}, {M, m}, 
{M, max} and {M, min} are ling 
commutative subset monoids of finite order. 


Are they distinct? Justify your claim. 
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1X. 


X1. 


Xl. 


xii. 


XIV. 


Prove or disprove {M, U, max}, {M, on, 
max}, {M, U, min}, {M, 4, min}, {M, 7, VU} 
and {M, min, max} are 6 distinct ling subset 


matrix topological spaces of finite order. 


Prove {M, max min} and {M, min max} are 
distinct ling subset non commutative monoids 


of finite order. 


Are {M, U, max min}, {M, U, max min}, 
{M, max, max min} and {M, min, max min} 
distinct non commutative ling topological 


spaces? Prove your claim. 


Show {M, min max} and {M, max min} ling 
non commutative monoids of square matrices 
of finite order? What is order of {M, min 


max} and {M, max min}}. 


Prove {M, min max, max min} is a doubly 
noncommutative ling topological space of 


ling square matrices of finite order. 


a, a, a; 
LetN={|a, a, a,|/aie P(S);1<i< 9} 
a, a a 


7 


be the ling subset square matrices 


a. Will {N, U} {N, a}, {N, max} and {N, 
min} be 4 distinct commutative subset 


ling monoids of finite order? 
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Are {N, max min} and {N, min max} 
ling subset commutative monoids of 
ling subset square matrices of finite 
order? 

Will {N, max, max min}, {N, max, min 
max}, {N, min, max min}, {N, min, 
min max}, {N, ©, max min}, {N, -, 
min max}, {N, U, max min} and {N, 
U, min max} be ling non commutative 
special subset topological space of ling 
subset square matrices? Justify your 
claim. 

Prove {N, max min, min max} is a 
doubly noncommutative special subset 
ling topological space of subset square 


matrices. 
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IVA 


in 


-.In this book, authors, for the first time, introduce 


the new notion of special subset linguistic 
topological spaces using linguistic square matrices. 
This book is organized into three chapters. 
Chapter One supplies the reader with the concept 
of ling set, ling variable, ling continuum, etc. 
Specific basic linguistic algebraic structures, 
like linguistic semigroup linguistic monoid, are 
introduced. Also, algebraic structures to linguistic 
square matrices are defined and described 
| with examples. For the first time, non-commutative 
linguistic topological spaces are introduced. 
The notion of a linguistic special subset of doubly 
non-commutative topological spaces of linguistic 
topological spaces is introduced in this book. 
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